
UN
CO

RR
EC

TE
D
PR

OO
F

PREM: 2533 Model 5G pp. 1–14 (col. fig: nil)

ARTICLE  IN  PRESS
Probabilistic Engineering Mechanics xx (xxxx) xxx–xxx

Contents lists available at ScienceDirect

Probabilistic Engineering Mechanics

journal homepage: www.elsevier.com/locate/probengmech

A semi-analytical particle filter for identification of nonlinear oscillators
R. Sajeeb 1, C.S. Manohar ∗,2, D. Roy 3
Structures Lab, Department of Civil Engineering, Indian Institute of Science, Bangalore-560012, India

a r t i c l e i n f o

Article history:
Received 22 September 2008
Received in revised form
19 April 2009
Accepted 29 May 2009
Available online xxxx

Keywords:
Particle filter
Parameter estimation
System identification
Local linearization
Ito–Taylor’s expansion

a b s t r a c t

Particle filters
∧
have important applications in the problems of state and parameter estimations of

dynamical systems of an engineering interest. Since a typical filtering algorithm involves Monte Carlo
simulations of the process equations, a sample variance of the estimator is inversely proportional to the
number of particles. The sample variance may be reduced if one uses a Rao–Blackwell marginalization
of states and performs analytical computations as much as possible. In this work, we propose a semi-
analytical particle filter, requiring no Rao–Blackwell marginalization, for state and parameter estimations
of nonlinear dynamical systems with additively Gaussian process/observation noises. Through local
linearizations of the nonlinear drift fields in the process/observation equations via explicit Ito–Taylor
expansions, the given nonlinear system is transformed into an ensemble of locally linearized systems.
Using the most recent observation, conditionally Gaussian posterior density functions of the linearized
systems are analytically obtained through the Kalman filter. This information is further exploited within
the particle filter algorithm for obtaining samples from the optimal posterior density of the states. The
potential of the method in state/parameter estimations is demonstrated through numerical illustrations
for a few nonlinear oscillators. The proposed filter is found to yield estimates with reduced sample
variance and improved accuracy vis-à-vis results from a form of sequential importance sampling filter.

© 2009 Published by Elsevier Ltd

1. Introduction1

Dynamic state estimation techniques are central to many en-2

gineering applications. For instance, feedback control of uncertain3

dynamical systems requires the states of the system to be esti-4

mated in real time from the available noisy measurements. Also,5

both states and parameters need to be estimated for the perfor-6

mance evaluation and health monitoring of mechanical systems.7

For linear systems with additive Gaussian noises, the Kalman filter8

provides the optimal estimate. Whilst sub-optimal filters such as9

the extended Kalman filter and its variants [1,2] may be used for a10

class of nonlinear systems, they suffer from some inherent limita-11

tions, e.g. the Gaussian approximation of the posterior probability12

density function (pdf) of the states and consequent inaccuracy in13

treating nonlinear estimation problems. Particle filters,which have14

attracted considerable research attention in recent times, provide15

a more versatile tool to such problems. Here the conditional pdf of16

the states is represented through a set of random particles (instan-17

taneous realizations of states) with associated weights and the pdf18

∗ Corresponding author. Tel.: +91 80 2293 3121; fax: +91 80 2360 0404.
E-mail addresses: sajeeb@civil.iisc.ernet.in (R. Sajeeb),

manohar@civil.iisc.ernet.in (C.S. Manohar), royd@civil.iisc.ernet.in (D. Roy).
1 Research Scholar.
2 Professor.
3 Associate Professor.

itself is updated recursively. Hence they are capable of handling 19

system nonlinearity, i.e., the non-Gaussian nature of the response 20

and even a possibly non-Gaussian nature of noises. Though parti- 21

cle filters are widely used in navigation and tracking applications, 22

their use in state and parameter estimations of mechanical sys- 23

tems has not been attempted until recently. Manohar and Roy [3] 24

have demonstrated the potential of particle filters for the parame- 25

ter identification of noisy nonlinear dynamical systems. Ching et al. 26

[4,5] have used a particle filter to estimate the states and parame- 27

ters of linear and nonlinear systemswith time-varying parameters. 28

Li et al. [6] have used it for identifying nonlinear hysteretic systems. 29

Different versions of the particle filter, their development and 30

potential applications may be found in [7–15]. A common feature 31

of the filtering algorithms is the use of importance sampling and 32

hence one needs a proposal density (importance sampling den- 33

sity), which provides an approximation to the posterior density. 34

The bootstrap filter [7] uses the transition prior as the proposal 35

density. Several improved versions, which attempt at ensuring 36

higher closeness between the proposal and posterior densities, 37

have been reported [11,13,14].
∧
Estimations with accuracy and re- 38

duced variance are amongst the desirable properties of a good 39

particle filtering algorithm. A general principle, referred to as 40

Rao–Blackwellization, allows combining particle filters with ana- 41

lytical computations (say, through Kalman filters) following an ap- 42

propriate partitioning of states. This technique has been shown to 43

reduce the variance of the estimator and provide more accurate 44
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estimates than standard particle filters [12,16]. A broad implica-1

tion of this principle, in the context of Monte Carlo simulations, is2

that one should carry out analytical computations as much as pos-3

sible [17]. If the state vector allows partitioning into two sets such4

that given one set of states the model formed by the remaining5

states is linear Gaussian, it is possible to use Rao–Blackwellization6

and marginalize out the conditionally linear states using a Kalman7

filter. However, for a general state space model, the state vector8

may not be amenable for such partitioning and hence the conven-9

tional Rao–Blackwellization is applicable to a very restricted class10

of models only.11

Without taking recourse to a Rao–Blackwell partitioning, we12

presently use local linearizations based on explicit Ito–Taylor ex-13

pansions to transform the given nonlinear system/observation14

equations to an ensemble of linearized systems so that their con-15

ditionally Gaussian posterior pdf may be obtained analytically16

through a Kalman filter, thus assimilating the most recent obser-17

vation. This information is then utilized within the framework of a18

conventional particle filter to obtain samples (particles) from the19

true posterior pdf. We demonstrate the performance of the pro-20

posed filter for state and parameter estimations through numer-21

ical simulations on a few nonlinear oscillators and, in particular,22

emphasize the significant reduction in the sample variance of the23

estimate via the presently adopted scheme.24

2. Methodology25

Consider a nonlinear dynamical system given by26

ẋ = f (x, u(t), t, ξ(t)) (1)27

where x(t) ∈ Rnx represents the state vector, u(t) ∈ Rm the vector28

of external dynamic loads and ξ(t) ∈ Rq the process noise. Let the29

measurement equation be given by:30

y = h(x, ζ (t)). (2)31

Here y ∈ Rny denotes the vector of measurements and ζ (t) ∈32

Rny the measurement noise. f (.) and h(.) are generally nonlinear33

functions of x. Both process and measurement noises are modeled34

asGaussianwhite noise processes. The objective is to obtain the pdf35

of the states conditioned on the measurements or, alternatively,36

the statistical moments such as conditional mean and variance37

of the states. The proposed procedure employs local linearization38

to transform the given nonlinear system to a family of linearized39

systems and this enables one to use the Kalman filter towards40

obtaining the samples from the posterior density.41

2.1. Local linearization42

The stochastic differential equation (SDE) corresponding to Eq.43

(1) may be expressed as:44

dx = a (x, u(t), t) dt + DdB (3)45

where a (x, u(t), t) := {ai (x, u(t), t) | i ∈ [1, nx] } represents the46

drift vector field,D ∈ Rnx×q is the diffusionmatrixwhose elements47

represent intensities of the associated additive noise processes and48

B(t) ∈ Rq is a vector containing independently evolving standard49

Brownian motions. The ith component of amay be expressed as:50

ai (x, u(t), t) = āTi x+ gi(x, t)+ b
T
i u(t). (4)51

āi ∈ Rnx and bi ∈ Rm are vectors with constant52

elements and gi(x, t) represents a nonlinear scalar function of53

states. Let the time interval of interest [t0, T ] be discretized as54

t0, t1, t2, . . . , tk−1,tk, . . . , T with a step size hk = tk−tk−1. Towards55

a simple exposition of the basic ideas, we presently take a uniform56

step size hk = h∀k. Over t ∈ (tk−1, tk] for every k, the nonlinear57

function gi(x, t) may be piecewise approximated via truncated 58

Ito–Taylor expansions, leading to: 59

gi(x, t) ∼= ḡi(xk−1, t, ξ̄i(t)). (5) 60

ξ̄ (t) is the noise term resulting from the multiple stochastic 61

integrals (MSI-s). Thus, one may express Eq. (3) as: 62

dx =
[
Ax+ B̄u(t)+ G(xk−1, t, ξ̄ (t))

]
dt + DdB. (6) 63

Here, A = [ā1, . . . , ānx ] ∈ Rnx×nx , G = (ḡ1(xk−1, t, ξ̄1(t)), . . . , 64

ḡnx(xk−1, t, ξ̄nx(t)))
T
∈ Rnx and B̄ = (b1, . . . , bnx)

T
∈ Rnx×m. 65

We observe that Eq. (6) represents a family of linear systems 66

parametrized through k. A discrete map corresponding to the 67

solution of the SDE in Eq. (6) is exactly obtainable as: 68

xk = φk−1xk−1 + Γk−1 + Ψk−1(xk−1, w̄k)+ wk. (7) 69

φk−1 = exp(Ah) and Γk−1 =
∫ tk
tk−1
exp{A(tk − τ)}B̄u(τ )dτ . In 70

the framework of Monte Carlo simulations, the random vector 71

quantity Ψk−1(xk−1, w̄k) may be represented as an ensemble 72{
Ψ
(i)
k−1(x

(i)
k−1, w̄

(i)
k−1)

}N
i=1
, a specific realization of which is given by: 73

Ψ
(i)
k−1(x

(i)
k−1, w̄

(i)
k−1) =

∫ tk

tk−1
exp(A(tk − τ))G(x

(i)
k−1, τ , ξ̄

(i)(τ ))dτ . 74

wk ∈ Rnx is a (noise) vector of zero-mean Gaussian random 75

variables and its covariance matrix (Qk) is given by: 76

Qk = E[wkwTk ] =
∫ tk

tk−1
exp{A(tk − τ)}DDT exp{A(tk − τ)}Tdτ . (8) 77

In the measurement Eq. (2), a linearized approximation of the ith 78

component of h(x) is assumed to be of the following form: 79

hi(x) ∼= h̄i(xk−1, ζ̄ (t))Tx (9) 80

where h̄i ∈ Rnx and ζ̄ (t) is the noise term resulting from the 81

MSI-s while expanding hi(x)using the Ito–Taylor expansion. An 82

approximately discretized form of the measurement equation at 83

t = tk may then be written as: 84

yk = H(xk−1, ζ̄ (t))xk + vk. (10) 85

Here vk ∈ Rny represents the measurement noise, post discretiza- 86

tion, and ismodeled as Gaussian. Exploiting the linearized forms of 87

the process and observation equations based at the random vari- 88

able xk−1(characterized through an ensemble of realizations), we 89

aim at providing a semi-analytical form of the particle filter us- 90

ing an ensemble of Kalman filters that make use of an ensem- 91

ble of linearized process and observation equations. Within this 92

setting, the coefficient matrices G(xk−1, t, ξ̄ (t)) (in Eq. (6)) and 93

H(xk−1, ζ̄ (t)) (in Eq. (10)) may be looked upon as a pair of en- 94

sembles {G(x(i)k−1, t, ξ̄
(i)(t))}Ni=1 and

{
H(x(i)k−1, ζ̄

(i)(t))
}N
i=1
respec- 95

tively. Whilst there is a restriction on the noise terms wk and 96

vk to be Gaussian in the present setting (so as to enable us to 97

use the Kalman filter), there are no such constraints on the noise 98

terms appearing in Ψk−1(xk−1, w̄k) and H(xk−1, ζ̄ (t)), as they are 99

represented by an ensemble as described above. Thus even non- 100

Gaussian MSI-s resulting from Ito–Taylor expansions may be ef- 101

fectively handled. 102

For parameter estimation within the dynamical systems 103

framework provided by the PF, parameters must be treated as 104

additional states of the estimation problem. Let θ ∈ Rnθ be the 105

vector of parameters to be estimated. Now, the ith component of 106

the drift vector (Eq. (4)) takes the form: 107

ai (x, θ, u(t), t) := _a Ti x+ gi(x, θ, t)+ b
T
i u(t). (11) 108
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For t ∈ (tk−1, tk], the nonlinear function gi(x, θ, t) may be1

Ito–Taylor expanded and approximated as:2

gi(x, θ, t) = _g i(xk−1)θ + g̃i(xk−1, θk−1, t, ξ̄i(t)). (12)3

Defining x̃ = [ xT θT ]T, Eq. (11) may be written as:4

ai (x̄, u(t), t) = āTi x̄+ ḡi(x̄k−1, t, ξ̄ (t))+ b
T
i u(t) (13)5

where āi = [ _a Ti
_g i(x̄k−1)

T
]
T. Proceeding as before, one may6

obtain the process equation similar to Eq. (7), wherein we replace7

x by x̄ and interpret φk−1 = φk−1(x̄k−1). Thus the consequence8

of local linearization is the transformation of the given nonlinear9

system to a family of linearized systems conditioned on xk−1. For10

notational simplicity, we replace x̄ by x with a slight abuse of11

notations.12

2.2. State estimation13

Given the system whose process and measurement equations14

are respectively given by Eqs. (7) and (10), the objective of state15

estimation is to obtain the (marginal) filtering density p(xk|y1:k),16

which represents the pdf of the discretized state vector at tk17

conditioned on the observations available up to the same instant.18

We have p(xk|y1:k)dxk := πk|k(dxk) and πk|k ∈ P (Rnx), where19

P (Rnx) is the space of probability measures over the Euclidean20

space Rnx assigned with the topology of weak convergence. The21

conditional mean x̂k (also called the estimate) and conditional22

varianceΣk may be obtained as:23

x̂k = E[xk|y1:k] =
∫
xkp(xk|y1:k)dxk (14a)24

Σk = E[(xk − x̂k)(xk − x̂k)T]

=

∫
(xk − x̂k)(xk − x̂k)Tp(xk|y1:k)dxk. (14b)25

Analytical evaluation of these integrals is generally not possible.26

However, when the process andmeasurement equations are linear27

and the noises are additively Gaussian, the Kalman filter provides28

the exact solution. For more general cases, the particle filter29

provides an approximate solution of the filtering problem at hand30

through Monte Carlo simulation strategies. Thus, within a particle31

filter algorithm, the conditional pdf of the states is represented32

through a set of random particles (instantaneous realizations of33

states) drawn according to (an approximation to) the pdf. Thus,34

for a Monte Carlo simulation with N particles, the empirical35

distribution π (N) corresponding to a targeted distribution π is36

given by:37

π(dx) ∼= π (N)(dx) = (1/N)
N∑
j=1

δx(j)(dx) (14c)38

where δx(j) denotes the Dirac-deltameasure at the particle location39

x(j). Each particle is assigned a weight, which is a scalar ratio40

(Radon–Nikodym derivative) of the true posterior to the prior41

pdf-s evaluated at the particle location. Consider, for instance,42

that the posterior pdf p(xk|y1:k) is represented by an ensemble of43

pairs
{
x∗(j)k , ω

(j)
k

}N
j=1
, where x∗(j)k represents the j-th particle drawn44

according to some prior (predicted) pdf (which is arbitrary except45

for certain absolute continuity requirements consistent with46

Girsanov’s transformation of measures) and ω(j)k the normalized47

weight; ω(j)k = ω̃
(j)
k /

∑N
i=1 ω̃

(i)
k . One may readily observe that the48

unnormalized weight ω̃(j)k is proportional to p(x
∗(j)
k |y1:k).49

We now outline our present strategy for the estimation50

problem. The posterior density at tk may be expressed as:51

p(xk|y1:k) =
∫
p(xk, xk−1|y1:k)dxk−1 52

=

∫
p(xk|xk−1, y1:k)p(xk−1|y1:k)dxk−1. (15) 53

Noting that p(xk−1|y1:k) =
p(xk−1,y1:k)
p(y1:k)

=
p(yk|xk−1,y1:k−1)p(xk−1|y1:k−1)

p(yk|y1:k−1)
54

and p(yk|xk−1, y1:k−1) = p(yk|xk−1), Eq. (15) may be rewritten as: 55

p(xk|y1:k) =
∫
p(xk|xk−1, y1:k)

p(yk|xk−1)p(xk−1|y1:k−1)
p(yk|y1:k−1)

dxk−1 (15a) 56

i.e. p(xk|y1:k) ∝
∫
p(xk|xk−1, y1:k)p(yk|xk−1)p(xk−1|y1:k−1)dxk−1. 57

(15b) 58

Thus for the (predicted) particle x∗(j)k to be consistent with the 59

posterior pdf p(xk|y1:k), the unnormalized weight must be given 60

by: 61

ω̃
(j)
k =

∫
p(x∗(j)k |xk−1, y1:k)p(yk|xk−1)p(xk−1|y1:k−1)dxk−1. (16) 62

We note that the posterior pdf p(x∗k |xk−1, y1:k) conditioned 63

on xk−1 is Gaussian under additively Gaussian process and 64

measurement noises. We denote the corresponding Gaussian 65

transition kernel by K(x∗k |xk−1, y1:k), so that Pr(x
∗

k ∈ A|xk−1, y1:k) = 66∫
A K(dx

∗

k |xk−1, y1:k); A ∈ B(Rnx) being an element of the Borel 67

σ -algebra over Rnx . Hence K is obtainable analytically using 68

a Kalman filter following the local linearization of the system 69

conditioned on xk−1. Given the existence and bounded nature 70

of the weak solution of the
∧
processed SDE-s, K is Feller. This 71

means that, for any bounded/continuous function φ, Kφ is also 72

bounded/continuous. Hence the first integrand in the RHS of Eq. 73

(16) can be evaluated analytically. The second term p(yk|xk−1) 74

is also analytically deducible if one expresses the measurement 75

equation as yk = H̃(xk−1)+vk. In this study, we obtain the function 76

H̃ through explicit Ito–Taylor expansion of the measurement 77

drift term (which is assumed to be sufficiently smooth to 78

allow such an expansion) and hence H̃ is a bounded/continuous 79

function. Accordingly p(yk|xk−1) may be considered as a strictly 80

positive, bounded/continuous function of xk−1. Finally, the term 81

p(xk−1|y1:k−1) represents the posterior density at tk−1. Thus, within 82

a recursive setting and Monte Carlo framework involving N 83

particles, one may use the initially available ensemble of particles 84{
x(i)k−1

}N
i=1
at tk−1 (drawn according to p(xk−1|y1:k−1)) and compute 85

ω̃
(j)
k as: 86

ω̃
(j)
k =

1
N

N∑
i=1

p(x∗(j)
k
|x(i)k−1, y1:k)p(yk|x

(i)
k−1); j ∈ [1,N]. (17) 87

Under the present assumptions on K and p(yk|xk−1), ω̃
(j)
k remains 88

bounded (and hence computable) for all j. With these conditions 89

in place, the predicted ensemble
{
x∗(j)k

}N
j=1
and the normalized 90

weights
{
ω
(j)
k

}N
j=1
represent a discrete form of the posterior 91

probability measure and we have the almost sure convergence of 92

the empirical measure as limN→∞ π
(N)
k|k (dxk) = πk|k(dxk) (we omit 93

the details of the proof, which is analogous to that in [18]). One can 94

readily resample new particles
{
x(j)k
}N
j=1
with equal weights from 95

this discrete distribution and finally obtain the conditional mean 96

(estimate) and conditional variance as: 97

x̂k ∼=
1
N

N∑
j=1

x(j)k (18a) 98
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Σk ∼=
1
N

N∑
j=1

(x(j)k − x̂k)(x
(j)
k − x̂k)

T. (18b)1

A step-by-step implementation of the proposed filter is given2

below.3

1. Set k = 0. Draw sample
{
x(i)k
}N
i=1
from the initial pdf p(x0). Set4

k = 1.5

2. Using the linearized solution of the process equation, obtain6

{x∗ (j)k }
N
j=1 corresponding to the initial conditions

{
x(j)k−1

}N
i=1
. Note7

that, within the present algorithmic setting, locations of the8

predicted particles {x∗(j)k }
N
j=1 are arbitrary and may as well be9

generated through some other scheme. Indeed, {x∗(j)k }
N
j=1 =10 {

x(j)k−1
}N
i=1
is also a possible choice. See Section 4 for further11

discussion on this issue.12

3. Consider x∗(j)k . When yk arrives, for each x
(i)
k−1, obtain p(x

∗(j)
k
|13

x(i)k−1, y1:k) using the Kalman filter. Also find p(yk|x
(i)
k−1) (see14

Section 3). Find the unnormalized weight ω̃(j)k using Eq. (17)15

and normalize it to obtain ω(j)k . Repeat these computations for16

j = 1, . . . ,N .17

4. Generate samples
{
x(j)k
}N
j=1
from the discrete pdf defined by18 {

x∗(j)k , ω
(j)
k

}N
j=1
. Estimate the conditional mean and conditional19

variance using 18.20

5. With k replaced by k + 1, repeat steps 2 through 5
∧
until the21

terminal time is reached.22

During the linearization of the nonlinear drift fields in the process23

and measurement equations, any formal order of accuracy can be24

achieved, in principle, by considering an adequately large number25

of terms in the Ito–Taylor expansions. However, higher accuracy26

comes at the cost of the higher computational costs of evaluating27

a larger number of (possibly non-Gaussian) MSI-s. Nevertheless,28

the local linearization simplifies the discretization of the governing29

system SDE-s (especially if the lower order versions that involve30

only GaussianMSI-s are employed) and,more importantly, enables31

the exploitation of the Kalman filter in Step 3.32

In a separate study, the present authors have proposed a33

conditionally linearized Monte Carlo (CLMC) filter that also makes34

use of Kalman filters in the estimation procedure [19], albeitwithin35

a different setting. This approach uses a conventional particle filter36

which estimates a marginalized subset of the states and a bank37

of Kalman filters. Since the motivations behind the CLMC and the38

presently proposed filters share some similarities, a brief account39

of the CLMC filter appears to be in order and is provided in the next40

section.41

3. Conditionally linearized Monte Carlo filter42

The CLMC filter uses a particle filter and a bank of Kalman filters43

to estimate the states/parameters of the system. The particle filter44

is first used to estimate a subset of the states, typically associated45

with the nonlinear terms of the process and measurement drift46

fields, conditioned on which a bank of Kalman filters is employed47

to obtain the particles from the posterior density within the48

framework of Monte Carlo simulations. Let x̃ ∈ Rñx be a subset49

of x such that the nonlinear (drift) terms in the process and50

measurement equations are nonlinear in x̃ alone (these include any51

multilinear terms too). Conditioned on these nonlinear states up to52

the current instant, both the process and measurement equations53

may be interpreted as being conditionally linear with a jointly54

Gaussian distribution. Denoting { _x } = {x} \ {x̃}, we write the ith 55

component of a (refer Eq. (3)) as: 56

ai (x, u(t), t) = āTi x+ gi(x̃,
_x , t)+ bTi u(t) (19) 57

where āi and bi have the same meaning as given in Section 2 and 58

gi(x̃, _x , t) is a nonlinear scalar function in x̃. Eq. (19) may now be 59

expressed as: 60

dx =
[
Ax+ B̄u(t)+ G(x̃, _x , t)

]
dt + DdB. (20) 61

A and B̄ are as in Section2 andG =
[
g1(x̃, _x , t) · · · gnx(x̃,

_x , t)
]T
∈ 62

Rnx . Let the time axis be discretized with uniform step size, as ex- 63

plained in Section 2. An approximate solution for the SDE (20) in 64

the form of a discrete map may be obtained via explicit local lin- 65

earization, wherein G(x̃, _x , t) is replaced by G(x̃k, _x k−1, t) over 66

t ∈ (tk−1, tk). The resulting solution, in the form of a discrete map, 67

is given by: 68

xk = φk−1xk−1 + Γk−1( _x k−1, x̃k)+ wk (21) 69

where φk−1 = exp(Ah), wk is a vector of zero mean 70

additive Gaussian noises and Γk−1( _x k−1, x̃k) =
∫ tk
tk−1
exp{A(tk − 71

τ)}
[
B̄u(τ )+ G(x̃k, _x k−1, τ )

]
dτ . Thus, conditioned on x̃k, the 72

process equation becomes linear. Similarly one can linearize 73

the measurement equation also. Using Ito–Taylor expansions, a 74

discrete model of the components of x̃ (for use with the particle 75

filter) may be obtained as x̃k = f
(
xk−1, ξ̃k

)
, where ξ̃k is a noise 76

vector containing the MSI-s. 77

Now, incorporating x̃k, the filtering density may be expressed 78

as: 79

p(xk|y1:k) =
∫
p(xk|x̃k, y1:k)p(x̃k|y1:k)dx̃k. (22) 80

Here, the transition kernel p(xk|x̃k, y1:k) corresponds to a linear- 81

Gaussian state space model for a given x̃k and can thus be 82

evaluated analytically using the Kalman filter whilst p(x̃k |y1:k ) is 83

obtained using a particle filter. More specifically, samples of the 84

marginalized states
{
x̃(i)k
}N
i=1
∼ p(x̃k |y1:k ) are obtained using a 85

particle filter and the ensemble of densities is obtained analytically 86

through a bank of Kalman filters. Using Eq. (22), a Monte Carlo 87

approximation
∧
of the filtering density is obtained as: 88

pN(xk|y1:k) =
1
N

N∑
i=1

p(xk|x̃
(i)
k , y1:k). (23) 89

It is a mixture of Gaussian densities and one can readily generate 90

samples
{
x(i)k
}N
i=1
∼ p(xk |y1:k ). Thus the CLMC filter estimates the 91

states in two stages; themarginalized states, defining the localized 92

nonlinearity, are first estimated using any conventional particle 93

filter and then, making use of the information available on these 94

states, the resulting conditionally linear systems are analyzed 95

through a bank of Kalman filters. 96

It is of interest to note that the present version of the semi- 97

analytical filter deviates from the CLMC filter in the following 98

ways: 99

1. In order to use Kalman updates, the present method uses an 100

explicit formof local linearization (based on the system states at 101

the previous time step) to linearize the drift fields in the process 102

and measurement equations. 103

2. The bank of Kalman filters is employed to compute the 104

particle weights and the rest of the estimation (especially the 105

resampling step) closely follows a conventional form of the 106

particle filter. The posterior density is obtained as an ensemble 107

of particles with associated weights. 108
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As evidenced from the above, whilst both the filters have semi-1

analytical features and share a commonality of motivation, which2

is to exploit the analytical features of the KF so the sampling3

variance is reduced, the presently proposed filter essentially4

embeds the Kalman updates within the setup of a Monte Carlo5

filter.6

4. Local linearization and discretization of process/observation7

equations8

Solutions of the SDE-s governing the process and the obser-9

vation equations must be obtained via local linearization and de-10

scretized in the form of maps, which are in turn used within the11

filter algorithm. Local linearization may be accomplished with the12

aid Ito–Taylor (stochastic Taylor) expansions [20,21]. Details of13

Ito–Taylor expansions and related concepts in stochastic calculus14

may be found in [20,22,21,3].15

For numerical implementation, we presently consider two16

single-degree-of-freedom (SDOF) systems, viz. Duffing andVander17

Pol oscillators subjected to support motion. The governing SDE-18

s for the Duffing oscillator may be expressed in the following19

incremental form:20

dx1 = x2dt
dx2 = a2dt + σddB1

}
(24)21

where a2 = − α
mx1 −

β

mx
3
1 −

c
mx2 − ẍg . Here σd is the additive22

diffusion coefficient representing the process noise; α, β and c are23

stiffness anddampingparameters; and xg the supportmotion. Ifwe24

discretize the time axis as explained in Section 2, Eq. (24) may be25

expanded in t ∈ (tk−1, tk] using an (explicit) Ito–Taylor expansion26

as:27

x1(t) = x1(k−1) +
∫ t

tk−1
x2dt

x2(t) = x1(k−1) +
∫ t

tk−1
a2dt + σd

∫ t

tk−1
dB1

 . (25)28

Now, making use of Eqs. (24) and (25), the nonlinear term x31 may29

be expanded, for t ∈ (tk−1, tk], as:30

x31(t) = x
3
1(k−1) +

∫ t

tk−1
3x21x2dt31

= x31(k−1) + 3x
2
1(k−1)x2(k−1) t̄32

+

∫ t

tk−1

∫ s

tk−1

{
6x1x22dt + 3x

2
1(a2dt + σddB1)

}
ds. (26)33

Thus, the expanded formof the nonlinear drift termmay bewritten34

as:35

−
β

m
x31 = g(t)+ ρ (27)36

where37

g(t) = −
1
m

[
x31(k−1) + 3x

2
1(k−1)x2(k−1) t̄ +

(
6x1(k−1)x22(k−1)38

+ 3x21(k−1)a2(k−1)
) t̄2
2
+ 3x21(k−1)σd

∫ t

tk−1

∫ s

tk−1
dB1ds

]
. (28)39

Here ρ represents the remainder (higher order) terms and t̄ =40

(t − tk−1). Note that the integral
∫ t
tk−1

∫ s
tk−1
dB1ds is an MSI, which41

is a zero-mean Gaussian random variable [20]. Omitting the higher42

Fig. 1. State estimation of Duffing oscillator for nonlinear measurement.

order terms contained in ρ, SDE-s (24) may be linearized, leading 43

to a form similar to Eq. (6) as: 44{
dx1
dx2

}
=

{[
0 1
−α/m −c/m

]{
x1
x2

}
+

{
0
1

}
(−ẍg) 45

+

{
0
g(t)

}}
dt +

{
0
σd

}
dB1. (29) 46

For estimating the parameters, the state vector is augmented 47

by declaring the system parameters as additional states that are 48

themselves stochastic processes evolving in time. The augmented 49

process SDE-s are: 50

dx1 = x2dt; dx2 = a2dt + σddB1; dx3 = σαdB2;
dx4 = σβdB3; dx5 = σcdB4

(30) 51

where a2 = −(1/m)
(
x1x3 + x4x31 + x2x5

)
− ẍg and σα , σβ and σc 52

are diffusion coefficients associated with α, β and c respectively. 53

In t ∈ (tk−1, tk], the nonlinear drift term is approximated as: 54

−
1
m

(
x1x3 + x4x31 + x2x5

)
∼=

_g 1x3 +
_g 2x4 +

_g 3x5 + ḡ1(t) 55

+ ḡ2(t)+ ḡ3(t) (31) 56

where 57

ĝ1 = x1(k−1); ĝ2 = x31(k−1); ĝ3 = x2(k−1)

ḡ1 =

(
x2(k−1) t̄ + a2(k−1)

t̄2

2
+ σd

∫ t

tk−1

∫ s

tk−1
dB1ds

)

×

(
x3(k−1) + σα

∫ t

tk−1
dB2

)

ḡ2 =
[
3x21(k−1)x2(k−1) t̄ +

(
6x1(k−1)x22(k−1) + 3x

2
1(k−1)a2(k−1)

) t̄2
2

+ 3x21(k−1)σd

∫ t

tk−1

∫ s

tk−1
dB1ds

](
x4(k−1) + σβ

∫ t

tk−1
dB4

)

ḡ3 =

(
a2(k−1) t̄ + σd

∫ t

tk−1
dB1

)(
x5(k−1) + σc

∫ t

tk−1
dB4

)
.

(32) 58

Using the above replacement, onemay express the governing SDE- 59

s in a linear form as in Eq. (6). 60

The governing SDE-s for the Van der Pol oscillator may be 61

written as: 62

dx1 = x2dt
dx2 = a2dt + σvdB1

}
(33) 63
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a

b

Fig. 2. Phase plane plots of the Duffing oscillator; (a) for linear measurement (b)
for nonlinear measurement.

Fig. 3. State estimation of Van der Pol oscillator for nonlinear measurement.

where a2 = − α
mx1 +

µ

m (1− x
2
1)x2 − ẍg . σv represents the process1

noise coefficient; and, α and µ are the system parameters. In t ∈2

(tk−1, tk], the nonlinear term may be approximated (after leaving3

out the remainder) as:4

µ

m
(1− x21)x2 = g(t) (34)5

where6

a

b

Fig. 4. Phase plane plots of the Van der Pol oscillator; (a) for linear measurement
(b) for nonlinear measurement.

g(t) =
µ

m

{
(1− x21(k−1))x2(k−1) +

[
(1− x21(k−1))a2(k−1) 7

− 2x1(k−1)x22(k−1)

]
t̄ + (1− x21(k−1))σv

∫ t

tk−1
dB1

}
. (35) 8

This allows expressing the SDE-s (33) in a linearized form as: 9{
dx1
dx2

}
=

{[
0 1
−α/m 0

]{
x1
x2

}
+

{
0
1

}
(−ẍg) 10

+

{
0
g(t)

}}
dt +

{
0
σv

}
dB1. (36) 11

For the parameter estimation problem, the augmented process 12

SDE-s are given by: 13

dx1 = x2dt; dx2 = a2dt + σvdB1; dx3 = σµdB2;
dx4 = σαdB3

(37) 14

where a2 = −(1/m)
[
x1x4 − x3(1− x21)x2

]
− ẍg ; σµ and σα are 15

the diffusion coefficients associated with µ and α respectively. In 16

t ∈ (tk−1, tk], approximation of the nonlinear drift term takes the 17

form: 18

1
m

[
x1x4 − x3(1− x21)x2

]
∼=

_g 1x3 +
_g 2x4 + ḡ1(t)+ ḡ2(t) (38) 19

where 20

Please cite this article in press as: Sajeeb R, et al. A semi-analytical particle filter for identification of nonlinear oscillators. Probabilistic Engineering Mechanics (2009),
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Fig. 5. Time history of the RMSE, for Duffing oscillator, calculated over 100 independent Monte Carlo runs.

Fig. 6. Time history of the RMSE, for Van der Pol oscillator, calculated over 100 independent Monte Carlo runs.

_g 1 =
(
1− x21(k−1)

)
x2(k−1); _g 2 = x1(k−1)

ḡ1 =

{ [
(1− x21(k−1))a2(k−1) − 2x1(k−1)x

2
2(k−1)

]
t̄

+ (1− x21(k−1))σv

∫ t

tk−1
dB1

}(
x3(k−1) + σµ

∫ t

tk−1
dB2

)

ḡ2 =

(
x2(k−1) t̄ + a2(k−1)

t̄2

2
+ σv

∫ t

tk−1

∫ s

tk−1
dB1ds

)

×

(
x4(k−1) + σα

∫ t

tk−1
dB3

)
.



.(39)1

Following local linearization via the above replacements, the2

governing process SDE is again brought to the generic form (6).3

Finally, its solutions may be descretized consistent with Eq. (7).4

In the present study, we consider both linear and nonlinear 5

measurement equations. The force transmitted to the support 6

forms the nonlinear measurement for both the oscillators. For the 7

Duffing oscillator, a discrete map corresponding to the nonlinear 8

measurement equation is given by: 9

yk = αx1k + βx31k + cx2k + vk (40) 10

where vk represents the measurement noise. Using Ito–Taylor 11

expansion, Eq. (40) may be brought to a form similar to Eq. (10) 12

as given in Box I, where a2(k−1) = −(1/m)(αx1(k−1) + βx31(k−1) + Q1 13

cx2(k−1))− ẍg . It may be noted that I10 is a zero-mean GaussianMSI 14

given by I10 =
∫ tk
tk−1

∫ s
tk−1
dB1ds. For the Van der Pol oscillator, the 15

nonlinear measurement equation is: 16

yk = αx1k − µ(1− x21k)x2k + vk. (41) 17

As before, the above equation is expressible in a form given by

Please cite this article in press as: Sajeeb R, et al. A semi-analytical particle filter for identification of nonlinear oscillators. Probabilistic Engineering Mechanics (2009),
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Fig. 7. Time history of the variance of the estimate of x2 for nonlinear measurement, calculated over 100 independent Monte Carlo runs. E[.] refers to the expectation
operator.

yk =
[
α + β

(
x21(k−1) + 2x1(k−1)x2(k−1)h+ [x1(k−1)a2(k−1) + x

2
2(k−1)]h

2
+ 2x1(k−1)σdI10

)
c
] {x1k
x2k

}
+ vk

Box I.

yk =
[
α −µ

(
1− x21(k−1) − 2x1(k−1)x2(k−1)h− [x1(k−1)a2(k−1) + x

2
2(k−1)]h

2
− 2x1(k−1)σv I10

)] {x1k
x2k

}
+ vk

Box II.

Eq. (10) as given in Box II, where a2(k−1) = −(1/m)[αx1(k−1) −1

µ(1− x21(k−1))x2(k−1)] − ẍg .2

We have presently truncated the Ito–Taylor expansions so as to3

maintain a local order of accuracy of O(h2) consistently.4

5. Numerical illustrations5

We now illustrate the performance of the proposed method for6

state and parameter estimationswith the two oscillators described7

in the previous section. We also demonstrate the efficacy of the8

filter in active control of a nonlinear systemwhose parameters are9

unknown.10

5.1. State estimation11

The following reference parameter values are taken for the12

Duffing oscillator: m = 1 kg, α = 10 N/m, β = 50 000 N/m313

and c = 0.5 Ns/m. For the Van der Pol oscillator, the reference14

parameter values are m = 1 kg, α = 10 N/m, µ = 4 Ns/m315

and c = 0.5 Ns/m. For state estimation problems, the support16

displacement is assumed to be harmonic, i.e. xg(t) = xg0 sin(λt).17

The support displacement parameter xg0 is assumed as 0.03 m for18

the Duffing oscillator and 0.3m for the Van der Pol oscillator. Given19

no specific reasons to do otherwise, we have presently selected20

all the parameter values arbitrarily. For both the oscillators, we21

assume λ = 4 rad/s, which is close to the natural frequency of22

the linear models of the oscillators, arrived at by removing the23

nonlinear drift terms. The process noise intensities (σd and σv) are24

taken as 0.05
∣∣ẍg ∣∣max, where ∣∣ẍg ∣∣max denotes the maximum value

of the realization of
∣∣ẍg(t)∣∣ over the time interval of interest. Both 25

linear and nonlinear measurements are considered for the two 26

oscillators. While the linear measurement equation corresponds 27

to the measured velocity, the force transmitted to the support 28

forms the nonlinear measurement. In the present study, we have 29

generated all the measurements synthetically through numerical 30

integration followed by corruption of the integrated trajectory 31

by Gaussian noise. The standard deviation of the measurement 32

noise is assumed to be 7.5% of the maximum absolute value of the 33

measured quantity. A uniform step size h = 0.01s and ensemble 34

size of N = 50 is used for all cases. All the systems considered here 35

are assumed to start from rest and the initial conditions are treated 36

as deterministic. A sequential important sampling filter (SIS filter) 37

employing an optimal important sampling density function is also 38

run for comparisons of performance of the two filters. Note that the 39

optimal important sampling density function is obtainable only for 40

systems with linear measurement models and Gaussian additive 41

noise [11,12]. In the present study, for estimations with nonlinear 42

measurement equations, the optimal important sampling density 43

function is obtained by a local linearization as explained in the 44

previous section. 45

The results of state estimation for the Duffing oscillator are 46

shown in Figs. 1 and 2. Fig. 1 shows the measurement and the es- 47

timate (i.e., the mean of the marginal posterior pdf of the state) 48

via the proposed and SIS filters. These results are for the nonlinear 49

measurement case. A fairly good convergencemay be observed via 50

the proposed filter. Phase plane plots for both cases of measure- 51

ments are shown in Fig. 2. A sample trajectory of the solution of the 52

systemSDE-s, used for generating themeasurement, is taken as the 53

‘reference’. The dotted lines correspond to the reference trajectory

Please cite this article in press as: Sajeeb R, et al. A semi-analytical particle filter for identification of nonlinear oscillators. Probabilistic Engineering Mechanics (2009),
doi:10.1016/j.probengmech.2009.05.004
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a

b

Fig. 8. State estimation of the Van der Pol oscillator — (a) sample variance of the states calculated using 100 MC runs; (b) variance of the weights in one of the Monte Carlo
runs. (Process noise is taken as σv = 0.1

∣∣ẍg ∣∣max . All other parameters remain the same).
Table 1
Mean and standard deviation of the RMSE calculated over 100 Monte Carlo runs.

SIS filter Proposed filter
x1 (m) x2 (m/s) x1 (m) x2 (m/s)
Mean Std. dev. Mean Std. dev. Mean Std. dev. Mean Std. dev.

Duffing oscillator: Case 1 0.00047 0.00026 0.0030 0.0019 0.00036 0.00012 0.0019 0.0006
Case 2 0.0028 0.0010 0.0178 0.0088 0.0013 0.0005 0.0088 0.0039
Van der Pol oscillator: Case 1 0.0347 0.0270 0.1459 0.1021 0.0277 0.0249 0.1046 0.0975
Case 2 0.1006 0.0778 0.4665 0.3662 0.0437 0.0394 0.2062 0.1871

Note: Case 1 refers to linear measurement and case 2 refers to nonlinear measurement.

Table 2
Mean and standard deviation of the response of the systems at t = 2.5 s, calculated over 100 Monte Carlo runs.

SIS filter Proposed filter
x1 (m) x2 (m/s) x1 (m) x2 (m/s)
Mean Std. dev. Mean Std. dev. Mean Std. dev. Mean Std. dev.

Duffing oscillator: Case1 0.00099 0.00069 −0.05833 0.00106 0.00098 0.00047 −0.05825 0.00142
Case 2 0.00086 0.00275 −0.05851 0.00705 0.00103 0.00184 −0.05818 0.00614
Van der Pol oscillator: Case 1 0.93848 0.03189 9.71308 0.05052 0.93481 0.02854 9.71283 0.04931
Case 2 0.94598 0.19029 9.68904 0.28793 0.94009 0.13103 9.70210 0.10746

Note: The reference values of x1 and x2 (at t = 2.5 s) are 0.00097 m and−0.05828 m/s respectively for the Duffing oscillator and 0.93604 m and 9.71428 m/s respectively
for the Van der Pol oscillator.

Please cite this article in press as: Sajeeb R, et al. A semi-analytical particle filter for identification of nonlinear oscillators. Probabilistic Engineering Mechanics (2009),
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Fig. 9. Comparison of the performance of the proposed filter with CLMC filter — RMSE of the estimated states of the Duffing oscillator, calculated over 100 independent
Monte Carlo runs.

and the solid line corresponds to the estimated trajectory (i.e. the1

mean of the posterior pdf). Closer resemblance of the two trajec-2

tories via the proposed filter vis-à-vis the SIS filter is indicative of3

a computationally superior performance of the former, especially4

for the nonlinearmeasurement case. Similar results for the Van der5

Pol oscillator are shown in Figs. 3 and 4. A good convergence of the6

mean via the proposed filter may be observed. In order to obtain7

the root mean square error (RMSE) of the estimated states, 100 in-8

dependent Monte Carlo runs are performed for all cases. The error9

in estimating the ith state in the j-th Monte Carlo run is evaluated10

as e(j)i (t) = xi ,′ true′(t)− x̂
(j)
i (t). The RMSE at any time t is then de-11

fined as
√
1
N

∑N
j=1[e

(j)
i (t)]2. Time histories of the RMSE of states for12

the Duffing and Van der Pol oscillators are shown respectively in13

Figs. 5 and 6. Moreover, the mean and standard deviation of the14

RMSE are summarized in Table 1. Significant improvement in the15

accuracy with reduction in RMSE is possible with the proposed fil-16

ter compared to the SIS filter.While this is evident for both cases of17

measurements, the improvement is more noteworthy for the case18

of nonlinear measurements. Mean and standard deviation of the19

system response at a specific time instant (t = 2.5 s), computed20

over 100 Monte Carlo runs, are tabulated in Table 2. The advan-21

tages of the proposed filter over the standard SIS filter, in terms22

of the accuracy of estimation and reduction in the sampling stan-23

dard deviation, are noteworthy. Fig. 7 shows the time history of the24

sample variance of E[x2], obtained by performing 100 Monte Carlo25

runs, for both the oscillators. A reduction in the sample variance,26

observed for the proposed filter, indicates that sampling fluctua-27

tions are less with the present scheme. The enhancement in per-28

formance is attributable to the analyticity of themethod. However,29

it has been observed that the proposed filter has a relatively larger30

computational overhead vis-à-vis the SIS filter. For the same en-31

semble size, the average CPU times consumed by the proposed fil-32

ter have been found to be substantially higher than those by the33

SIS filter. The reason behind a significantly added computational34

cost can be traced to the costly evaluation of an ensemble of Riccati35

updates of the conditional error covariances over every time step.36

While a non-trivial reduction of the computational cost should be37

achievable by using a Monte Carlo computation of the conditional38

error covariances (as in an Ensemble Kalman filter), explorations39

of such amodification is beyond the scope of the present work and40

will be considered elsewhere.41

Depending upon the prediction step used to generate the 42

particles {x∗(j)k | j ∈ [1,N]} for a given N , the reduction in sampling 43

fluctuations could vary. For instance, if the predicted particle 44

x∗(j)k is generated as the mean of the conditionally Gaussian pdf 45

p(x∗|x(j)k−1, y1:k) corresponding to the j-the Kalman filter, then one 46

anticipates that the empirical distribution of {x∗(j)k } will be closer 47

to the posterior distribution according to a valid norm in the 48

separable metric space P (Rnx). This implies that the variance 49

of the ensemble of weights {ω̃(j)k }, computed through Eq. (17) at 50

t = tk, should reduce thereby resulting in further reduction 51

in sampling fluctuations. This is numerically verified in Fig. 8 52

in the context of state estimation of the Van der Pol oscillator. 53

While scheme 1 refers to the case wherein the predicted particles 54

are obtained as locally linearized solutions of the process SDE-s, 55

scheme 2 obtains the predicted particles as Kalman filter estimates 56

of the locally linearized ensemble of process and observation 57

equations. In Fig. 8(a), we plot sample variance histories for the 58

estimated displacement and velocities using 100Monte Carlo runs 59

with scheme 2 resulting in reduced variances. Finally, we plot the 60

variance of the computed weights via the two schemes using a 61

single Monte Carlo run in Fig. 8(b). Once more, as anticipated, 62

scheme 2 produces weights with reduced variance. 63

We have compared the performance of the CLMC filter (see 64

Section 3) vis-à-vis the presently proposed one in the context 65

of state estimations of the Duffing oscillator for the linear 66

measurement case. In Fig. 9, we show the time histories of the 67

RMSE of the estimated states, computed over 100 independent 68

Monte Carlo runs, via the two filters. While performances of both 69

the filters are essentially close, a slightly higher reduction in the 70

RMSE is apparently possible with the proposed filter. The mean 71

values of the RMSE of x1 and x2, obtained via the CLMC filter, are 72

respectively 0.00039 m and 0.0021 m/s as compared against their 73

respective values of 0.00036m and 0.00019m/s, obtained through 74

the proposed filter. 75

5.2. Parameter estimation 76

Wecontinue to demonstrate the potential of the proposed filter, 77

which is now applied for estimating the system parameters of the 78

two oscillators described in the previous section. For the Duffing 79

oscillator, the following reference parameter values are taken:
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Fig. 10. Time histories of the estimated parameters of the Duffing oscillator, using the proposed filter.

Fig. 11. Initial (assumed) and final (converged) pdfs the estimated parameters of the Duffing oscillator.

m∗ = 1 kg, α∗ = 10 N/m, β∗ = 50 000 N/m3 and c∗ =1

0.5Ns/m. The assumed reference parameter values for the Van der2

Pol oscillator are: m∗ = 1 kg, α∗ = 10 N/m, µ∗ = 4 Ns/m3 and3

c∗ = 0.5 Ns/m. The support motion is taken to be a realization4

of the stochastic process xg(t) =
∑n
i=1 ri sin(ωit + θi) where ri,5

ωi and θi are appropriately chosen random variables. In particular,6

ri is assumed to be uniformly distributed in [−0.01, 0.01] m7

and [−0.05, 0.05] m for the Duffing and Van der Pol oscillators8

respectively. For both the oscillators, ωi and θi are assumed to be9

uniformly distributed in [2, 6] rad/s and [0, 90]◦ respectively.
∧
The10

value of n is taken as 10. Process noise parameters σd and σv are11

taken as 0.01
∣∣ẍg ∣∣max. Both velocity and displacements are assumed12

to be measured and the standard deviation of the measurement13

noise is assumed to be 5% of the maximum absolute value of the14

associated stochastic process (without the measurement noise).15

The initial pdf of all the parameter states are taken to be uniformly16

distributed in [0.3, 4.3] times the corresponding reference values. 17

Diffusion coefficients associated with the parameter states are 18

assumed as 10% of their reference values. Ensemble sizes used for 19

the Duffing and Van der Pol systems are N = 400 and N = 250 20

respectively. 21

Figs. 10 and 11 show results of parameter estimation of the 22

Duffing oscillator. The time histories of estimates and standard de- 23

viations of the filtered trajectories, for all parameters, are shown in 24

Fig. 10. Excellent convergence is observed for all parameters. Fig. 11 25

shows the initial and final pdf-s of the parameters. Though the 26

mean values of the initial (assumed) pdf-s are
∧
a considerable dis- 27

tance away from the reference values for all parameters, one may 28

observe that they converge close to their reference values. Similar 29

results for parameter estimation of Vander Pol oscillator are shown 30

in Figs. 12 and 13. Excellent performance of the proposed filter, in 31

parameter estimation, is observable from these plots. 32
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Fig. 12. Time histories of the estimated parameters of the Van der Pol oscillator, using the proposed filter.

Fig. 13. Initial (assumed) and final (converged) pdfs the estimated parameters of the Van der Pol oscillator.

5.3. Parameter estimation in active control1

In the active control of systems with unknown parameters,2

accurate estimation of the parameters is essential. We use the3

proposed filter in the active control of the Duffing oscillator,4

described in the previous section, assuming that the parameters5

α, β and c are unknown. We had earlier studied the problem6

of nonlinear system control, where standard SIS and bootstrap7

filters were employed for state estimation [23] and the system8

parameters were assumed to be known. Here we address the9

problem of combined parameter estimation and control using10

the semi-analytical filtering strategy developed herein. From the11

noisy measurements, the filter needs to estimate the states and12

parameters, which are required in the control algorithm to design13

the control force. The state dependent Riccati equation (SDRE)14

method [24,25] is used to obtain the control force. The support15

displacement of the system is assumed to be harmonic with16

an amplitude (xg0) of 0.03 m and a frequency (λ) of 4 rad/s. 17

Both displacement and velocity are assumed to be measured. 18

The process noise, measurement noise and the reference values 19

of the parameters assumed are the same as those used in the 20

parameter estimation problem. The initial pdf of all the parameters 21

are assumed to be uniformly distributed in [0.3, 3.3] times their 22

reference values. Fig. 14 shows the time histories of the estimated 23

mean values of the parameters. Fig. 15 shows the uncontrolled 24

and controlled responses. Here also one may observe that, for all 25

parameters, the estimates converge to their reference values. 26

6. Conclusions 27

A semi-analytical particle filter is proposed for state and 28

parameter estimations of nonlinear dynamical systems with ad- 29

ditively Gaussian process and measurement noises. Using local 30

linearizations of the nonlinear drift terms based on Ito–Taylor 31
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Fig. 14. Parameter estimation and control of Duffing oscillator — time histories of the estimated parameters.

a

b

Fig. 15. Parameter estimation and control of Duffing oscillator — uncontrolled and controlled responses. (a) Time history of velocity and (b) Phase plane plot.

expansions around the last available particle locations, the1

nonlinear process and measurement equations are transformed2

into an ensemble of explicitly linearized equations. Incorporat-3

ing the most recent observation, the conditionally Gaussian pos-4

terior pdf-s corresponding to the ensemble of locally linearized5

systems are obtained analytically through theKalman filter. The re-6

sulting ensemble of Gaussian posterior pdf-s is subsequently used7

to derive appropriate expressions for weight functions and con-8

sequently the optimal posterior pdf within the setting of a parti-9

cle filter. The proposed procedure thus allows one to perform a10

substantial amount of computations analytically within the frame-11

work ofMonte Carlo simulations and thus results in obtaining esti-12

mates with significantly reduced sample variances. A key aspect of13

the strategy is the local linearization that enables, in principle, to14

obtain the conditionally Gaussian pdf-s and hence theweight func-15

tions to a very high order of formal accuracy. Even though the16

proposed filter is
∧
computationally intensive, numerical illustra-17

tions on a few low-dimensional oscillators adequately bring forth18

its superior numerical features over the SIS filter. Presently, the 19

filter is only applicable to additively Gaussian process and mea- 20

surement noises. Nevertheless, the representation of a non- 21

Gaussian pdf through a weighted sum of Gaussian pdf-s may 22

enable its possible extension for non-Gaussian noises. 23
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