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Abstract

The problem of identifying parameters of nonlinear vibrating systems using spatially incomplete, noisy, time-domain

measurements is considered. The problem is formulated within the framework of dynamic state estimation formalisms that

employ particle filters. The parameters of the system, which are to be identified, are treated as a set of random variables

with finite number of discrete states. The study develops a procedure that combines a bank of self-learning particle filters

with a global iteration strategy to estimate the probability distribution of the system parameters to be identified. Individual

particle filters are based on the sequential importance sampling filter algorithm that is readily available in the existing

literature. The paper develops the requisite recursive formulary for evaluating the evolution of weights associated with

system parameter states. The correctness of the formulations developed is demonstrated first by applying the proposed

procedure to a few linear vibrating systems for which an alternative solution using adaptive Kalman filter method is

possible. Subsequently, illustrative examples on three nonlinear vibrating systems, using synthetic vibration data, are

presented to reveal the correct functioning of the method.

r 2007 Elsevier Ltd. All rights reserved.
1. Introduction

Engineering structures are generally designed to behave linearly and, consequently, linear models for
strain–displacement relations, stress–strain laws, and energy dissipation mechanisms could be considered
adequate for the purpose of structural analysis, design, and optimization. Concomitant with the development
of methods for mathematical modeling and solution of resulting equations of these problems, extensive efforts
have been made in the exiting literature to develop methods for identification of structural model parameters,
and to reconcile predictions of mathematical and experimental models [1–6]. Within the framework of linear
system modeling, issues related to characterizing damping mechanisms at the structure level, joint flexibility,
boundary conditions, and material constitutive laws, are intimately connected with experimental investiga-
tions. Also, several algorithmic issues related to non-uniqueness of solutions, spatio-temporal incompleteness
of response measurement, presence of measurement noise, modeling uncertainties, and difficulties arising out
ee front matter r 2007 Elsevier Ltd. All rights reserved.
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of complete/partial lack of measurement of inputs have been addressed. The presence of nonlinearity in the
structural behavior can lead to a wide ranging phenomenon, such as, multi-valued steady-state responses,
jumps, limit cycles, entrainment, internal resonances, super- and sub-harmonic resonances, modal coupling,
and complex bifurcations leading to chaos, which a linear structural model would fail to capture. In the
context of system identification problems, this calls for development of methods with notable departures from
methods used for linear system identification problems. This class of problems has been widely studied in the
existing literature and Refs. [7–14] provide extensive overviews of the relevant developments.

Several methods have been developed in time and frequency domains to tackle the problem of nonlinear
system identification. The focus of the present study is on methods based on dynamic state estimation within
the Bayesian framework. The theory of Kalman filtering provides one of the corner stones in the development
of these methods [15–19]. In the context of nonlinear systems, linearization tools, combined with the
traditional Kalman filtering techniques, have been developed for dealing with the dynamic state estimation
problems [17,20]. It is of interest to note that the problem of state estimation of dynamical systems is widely
encountered in many branches of sciences including economics, object tracking, digital communication
channels and signal processing. Recent research in these fields has been focused on dealing with nonlinear
systems and non-Gaussian noise models. Of particular interest has been the development of the so-called
particle filters which employ Monte Carlo simulation procedures for the state estimation problems in
dynamical systems [21–30]. These methods are capable of handling general forms of nonlinearities and non-
Gaussian additive/multiplicative noises. While the roots of these methods date back to 1950s, the recent
developments in this field have been spurred by the wide availability of cheap and fast computational power.
The applicability of these methods in structural system identification has not yet been explored in the existing
literature. A few recent studies have made efforts to remedy this situation. Thus, Manohar and Roy [31] have
applied three simulation-based filtering strategies to the problem of system parameter identification in two
typical nonlinear oscillators, namely, the Duffing oscillator and the Coulomb oscillator. The filters that these
authors investigated included: the density based Monte Carlo filter as developed by Tanizaki [22], the Bayesian
bootstrap algorithm due to Gordon et al. [21] and the sequential importance sampling (SIS)-based method as
developed by Doucet et al. [26]. Ching et al. [32] have applied stochastic simulation-based filtering technique,
namely, the SIS-based method as developed by Doucet et al. [26], and extended Kalman filter (EKF) for
identifying parameters of three different classes of dynamical systems: a linear model with time varying system
parameters, a nonlinear hysteretic model that can be considered to give moderately nonlinear behavior, and
the Lorenz equations that represents a highly nonlinear system. The system parameters to be estimated were
treated in this study as auxiliary state variables which are artificially driven by noise processes. These authors
have concluded that the particle filters performed satisfactorily for all examples, while the performance of
EKF was found to be fair for the second example and poor for the Lorenz system. This is consistent with the
expectation that EKF is not suitable for highly nonlinear systems. The problem of identifying spatially
localized structural nonlinearities by combining Kalman and particle filtering strategies via the application of
the Rao–Blackwell theorem and a time-domain substructuring strategy has been proposed recently by Sajeeb
et al. [33]. The application of Bayesian inference approach for model selection in the context of nonlinear
dynamical system identification has been considered by Kerschen et al. [34]. Here, a family of parametric
models is defined to represent the nonlinear response of a system and the selection algorithm estimates the
likelihood that each member of models explored is appropriate. The study is based on the Markov Chain
Monte Carlo (MCMC) method in which a Markov chain is constructed such that its equilibrium probability
distribution agrees with the target probability distribution from which samples are desired to be drawn.

In the context of identification of linear model parameter identification one of the approaches that has been
studied in the existing literature is the so-called adaptive Kalman filtering (also called the self-learning Kalman
filtering or the multiple model estimation algorithm). The essence of this method is that the parameters to be
identified are treated as a set of discrete random variables with finite states and, for each of the possible states
of these random variables, one Kalman filter is employed [17,35]. This results in a bank of filters for the
problem on hand and the estimate for the state is obtained as a weighted sum of estimates from individual
Kalman filters. The algorithm identifies the member of family of filters which possesses the highest weight and
the corresponding value of the unknown system parameter is hypothesized as the estimate of the most
probable value of the system parameter. Since the method employs Kalman filters, it is clear that it is
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applicable to only linear systems with Gaussian additive noise and is not directly applicable to problems of
nonlinear system identification. In the present study, we extend the scope of adaptive filtering to nonlinear
problems by replacing the Kalman filter by a particle filter. By doing so, we systematically extend the scope of
adaptive filtering methods to problems of nonlinear structural system identification with, possibly, non-
Gaussian additive/multiplicative noises. The study first develops the necessary mathematical formulations for
this purpose and subsequently illustrates the method proposed by considering three examples involving single-
and multi-degree-of-freedom (sdof and mdof) nonlinear systems. As might be expected, if the system on hand
is linear and measurement and process noises are Gaussian and additive in nature, the present formulation
leads to results similar to those predicted by the adaptive Kalman filter method.

2. Problem of state estimation

Consider a mdof system with N dofs governed by

M €Z þQðZ; _Z; tÞ ¼ GðtÞ þ XðtÞ;Zð0Þ ¼ Z0; _Zð0Þ ¼ _Z0. (1)

Here a dot represents differentiation with respect to time t, M is the N�N mass matrix, Q is a N� 1
function of displacement Z(t) and velocity _ZðtÞ vectors, G(t) is a N� 1 excitation vector, and X(t) is a N� 1
vector random process representing the process noise that is taken to quantify the unmodeled system
dynamics. A set of measurements represented through a m� 1 vector Y(t) is taken to be available and these
measurements are related to the system state through the equation

Y ðtÞ ¼ H̄½ZðtÞ; _ZðtÞ; t� þCðtÞ. (2)

Here C(t) is a m� 1 vector random process representing the measurement noise. The functions Q and H̄ in
the above equations are taken to be in general nonlinear and time dependent. The equation of motion (1) can
also be expressed in the state space by letting

ZðtÞ _ZðtÞ
� �t

¼ fX 1 X 2 . . . X N X 1þN X 2þN . . . X 2Ng
t (3)

and noting that

_X i ¼ X iþN ,

_X iþN ¼ �M�1QðX 1;X 2; . . . ;X 2NÞ þM�1GðtÞ þM�1XðtÞ

¼ ~F X ðtÞ; t½ � þM�1GðtÞ þM�1XðtÞ. ð4Þ

This can be represented compactly as

_X ðtÞ ¼ a½X ðtÞ; t� þ bXðtÞ (5)

with

a½X ðtÞ; t� ¼ H½X ðtÞ; t� þ AGðtÞ,

Ht ¼ fX 1þN X 2þN . . . X 2N
~F 1

~F2 . . . ~F Ng
t,

A ¼
0N�N

M�1

" #
ð2N�NÞ

b ¼
0N�N

M�1

" #
ð2N�NÞ

. ð6Þ

If the random processes X(t) and C(t) are modeled as zero mean Gaussian white noise processes obtained as
formal derivatives of Weiner processes, we can represent the process equation (4) as an stochastic differential
equations as

dX ðtÞ ¼ a½X ðtÞ; t�dtþ bsdBðtÞ; X ð0Þ ¼ X 0. (7)

Here dB(t) is a N� 1 vector of increments of Brownian motion processes and s is the N�N covariance
matrix.

For the purpose of dynamic state estimation, we need to discretize the measurement and process equations
in time. The discretization of measurement equation is naturally dictated by the fact that the measurements
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Y(t) are made at discrete time instants t ¼ tk ¼ kh; k ¼ 1, 2,y,Nk where h is the time step at which
measurement signal is sampled. This leads to the measurement equation of the general form

yk ¼ f kðxkÞ þ qkðxkÞnk, (8)

where nk for k ¼ 1, 2,y,Nk is a sequence of independent Gaussian random variables. In order to discretize the
process equation we employ the methods available in the existing literature for the numerical solution of
stochastic differential equations. It is assumed that the time step used in discretization is identical to the time
step used in sampling the response waveform during the measurement. It is emphasized that this is not a
restrictive assumption and a general formulation with differing step sizes for measurement and discretization
of the process equation can be easily developed. The details of the discretization scheme used and the choice of
step size h should be such that acceptable convergence in a strong sense is secured: the book by Kloeden and
Platen [36] provides extensive account of these considerations. Details as relevant to the present study are
available in the work of Manohar and Roy [31]. The process equation for further consideration is now written
in the form

xkþ1 ¼ hkðxkÞ þ gkwk; k ¼ 0; 1; . . . ;Nk. (9)

with specified x0. The quantities fwkg
Nk

k¼1 are taken to be a set of mutually independent Gaussian random
variables with specified variance. This, again, is not a restrictive assumption. Furthermore, these random
variables are taken to be uncorrelated with the random variables fnkg

Nk

k¼1 that appear in the measurement
equation. This again, is not a restrictive assumption. The quantities xk, hk, gk and wk appearing in the process
equation (9) are vectors of sizes 2N� 1, 2N� 1, 2N�N and N� 1, respectively. Similarly, the quantities yk, fk,
and nk appearing in the measurement equation (8) are vectors of size m� 1, m�m and m�m respectively. We
denote by Sw and Sv respectively the covariance matrix of the vectors wk and nk. The quantities fxkg

Nk

k¼0 and
fykg

Nk

k¼1 constitute a set of vector random variables. In the discussion to follow we deviate from the standard
practice of notationally distinguishing a random variable X from its state x and employ the same notation x to
denote both the random variables and their respective states. This affords a significant simplification in
presenting the mathematical formulation and is consistent with the practice followed in literature related to
dynamic state estimation methods.
3. Formal solution to the state estimation problem

We introduce the notations x0:k and y1:k to respectively denote

x0:k ¼ fx0 x1 . . . xkg,

y1:k ¼ fy1 y2 . . . ykg. ð10Þ

It is assumed that the probability density function (pdf) p(x0) is specified and, also, it follows that p(xkjxk�1)
and p(ykjxk) are determinable in terms of known properties of the noise terms wk and nk. In the present case,
these pdfs turn out to be Gaussian in nature. The problem of state estimation consists of determining the
posterior pdf p(x0:kjy1:k) and the filtering density function p(xkjy1:k). Also of interest is the determination of the
moments

akjk ¼ E½xkjy1:k� ¼

Z
xkpðxkjy1:kÞdxk,

X
kjk
¼ E ðxk � akjkÞðxk � akjkÞ

t
� �

¼

Z
ðxk � akjkÞðxk � akjkÞ

tpðxkjy1:kÞdxk. ð11Þ

Here E[ � ] denotes the mathematical expectation operator and a superscript t denote the matrix
transposition. The integrals appearing in the right-hand sides are 2N dimensional and are evaluated over
the limits (�N, N): these features are not displayed explicitly in the above equations to simplify the
presentation of the equations. Formal solutions for the state estimation problem are available in the literature.
For the determination of filtering density, the formal solution consists of a pair of prediction and updation
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equations can be shown to be given, respectively, by

pðxkjy1:k�1Þ ¼

Z
pðxkjxk�1Þpðxk�1jy1:k�1Þdxk�1,

pðxkjy1:kÞ ¼
pðykjxkÞpðxkjy1:k�1ÞR

pðykjxkÞpðxkjy1:k�1Þdxk

. ð12Þ

A recursive equation for the evolution of the multidimensional posteriori pdf can also be obtained as [26]

pðx0:kþ1jy1:kþ1Þ ¼ pðx0:kjy1:kÞ
pðykþ1jxkþ1Þpðxkþ1jxkÞ

pðykþ1jy1:kÞ
. (13)

The actual solutions of the above equations by using numerical quadrature are, however, infeasible because
of the unwieldy dimensions of the integrals involved. For the particular case of linear process and
measurement equations and Gaussian additive noises, the above equations lead to the well-known Kalman
filter. For a certain class of nonlinear process equations, linear measurement equations and additive Gaussian
noises, the problem of state estimation admits an exact solution [30]. For more general forms of process and
measurement equations, additive or multiplicative noises and Gaussian/non-Gaussian noises, several
alternative strategies have been developed. One set of such alternatives consist of developing suboptimal
filtering strategies, such as those based on linearization or transformations, and the other consists of methods
which employ Monte Carlo simulation strategies to evaluate the multidimensional integrals in a recursive
manner. It is the latter class of approaches that are being considered in the present study.

4. System parameter identification by a bank of filters

We define y to be an n� 1 vector of system parameters that need to be identified. In order to show the
dependence of the system equations on this vector, we re-write the process and measurement equations,
respectively, as follows:

xkþ1 ¼ hkðxk; yÞ þ gkwk; k ¼ 0; 1; 2; . . . ;Nk,

yk ¼ f kðxk; yÞ þ qkðxk; yÞnk; k ¼ 1; 2; . . . ;Nk. ð14a;bÞ

In the problems of system identification one needs to determine the pdf of the system parameters y.
One of the strategies that has been employed in the existing literature is to declare the vector y to be an
additional state vector and augment the process equation with additional artificial equations of the form
dyðtÞ ¼ d ~BðtÞ; yð0Þ ¼ y0or, equivalently in a discretized form as yk+1 ¼ yk+zk, k ¼ 0,1,2,y,Nk. The
augmented state vector in this case would be (2N+n)� 1 dimensional. The resulting problem could
then be studied using either the suboptimal filtering strategies or by using the Monte Carlo filters. In the
context of particle filtering methods, this approach has been studied by Gordon et al. [21] and also by Liu
and West [37]. The recent studies by Manohar and Roy [31], and Ching et al. [32], have explored the
particle filtering strategy in the context of identification of parameters of a class of nonlinear oscillators. An
alternative strategy that avoids treating unknown parameters as additional state variables consists of
developing filters that adapt themselves to unknown system parameters [17,35]. Here the unknown system
parameters are viewed as a set of random variables and the problem of state estimation is construed as
determining

akjk ¼

Z
xk

Z
pðxk; yjy1:kÞdy dxk

¼

Z
xk

Z
pðxkjy; y1:kÞpðyjy1:kÞdydxk

¼

Z
pðyjy1:kÞ

Z
xk

xkpðxkjy; y1:kÞdxk

� �
dy

¼

Z
pðyjy1:kÞx̂kðyÞdy. ð15Þ
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If we postulate the parameter y to be a vector of discrete random variables with L number of states, then Eq.
(15) can be re-written as

akjk ¼
XL

i¼1

x̂kðyiÞpðyijy1:kÞ. (16)

Here pðyijy1:kÞ is the probability mass function given by pðyijy1:kÞ ¼ p½y ¼ yijy1:k�. The problem on hand
consists of determining the weights pðyijy1:kÞ and the estimate x̂kðyiÞ. Clearly the value of the weights pðyijy1:kÞ

would be influenced by the measurement y1:k and, as the measurements are assimilated, the adaptive scheme
learns which of the filters are the correct ones, and its weight factor pðyijy1:kÞ approaches unity while the others
are going to zero. This would mean that the filter becomes adaptive or self-learning in nature as the
measurement is assimilated into the state estimation problem. The solution procedure thus would consist of
running L filters, each for a specific value of y ¼ yi, with i ¼ 1, 2,y,L, and trace the evolution of the weights
pðyijy1:kÞ as measurements are assimilated into the filtering process. Based on Bayes’ rule we write

pðyijy1:kÞ ¼
pðy1:kjyiÞpðyiÞ

pðy1:kÞ
¼

pðy1:kjyiÞpðyiÞPL
j¼1pðy1:kjyjÞpðyjÞ

; i ¼ 1; 2; . . . ;L. (17)

The a priori distribution p(yi) is assumed to be known. Thus, the implementation of the algorithm requires
an initial hypothesis to be made on the pdf P[y ¼ yi]; i ¼ 1, 2,y,L. A reasonable guess would be to take this
distribution to correspond to a uniform distribution over an hypothesized range of values of y. Fig. 1 shows
the schematic of the strategy for the implementation of the bank of filters. When the process and measurement
equations are linear and noises are Gaussian and additive, the estimate x̂kðyiÞ could be obtained exactly using
the standard Kalman filter. For more general class of problems involving nonlinearities, non-Gaussian noises
and/or multiplicative action of noises, the estimation of x̂kðyiÞ could be based on the application of particle
filters. The details of evaluation of the weights pðyijy1:kÞ in these two cases would be accordingly different. We
consider the latter case in this study and refer to the work of Brown and Hwang [17] for details of the Kalman
filter-based solution. It may be noted that given the knowledge of pðyijy1:kÞ, the posteriori expected values of
functions of y could be determined by using

E½f ðyÞjy1:k� ¼
XL

j¼1

f ðyjÞpðyjjy1:kÞ. (18)

Using this equation, for instance, we can determine the mean and standard deviation of y.
Filter 1 
�=�1

Filter 2
�=�2

Filter 3
�=�3

Filter L
�=�L

p(�1 | y1:k)

p(�2 | y1:k)

p(�3 | y1:k)

p(�L | y1:k)

Measurement 
Sequence 
y1, y2, ... yk

∑

x̂k (�L)

x̂k (�3)

x̂k (�2)

x̂k (�1)

x̂k

Fig. 1. Bank of filters for system identification.
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4.1. Estimation of x̂kðyiÞ using particle filters and the determination of the weights pðyijy1:kÞ

Here we consider the general governing equations as in Eq. (14). Apart from the fact that the functions
hk(xk, y), fk(xk, y) and qk(xk, y) could be nonlinear in the state vector xk, it may also be noted that the random
variable vectors, wk and nk, in principle, could be non-Gaussian in nature. This possibility, however, has not
been explored in the present study and we have restricted our attention to Gaussian models for wk and nk. The
problem of determining the states x̂kðyiÞ and the weights pðyijy1:kÞ is not amenable for solution by the Kalman
filter method and we resort to the particle filter strategy to solve the problem. Accordingly, for the estimation
of x̂kðyiÞ we use the sequential importance sampling (SIS) particle filters as proposed by Doucet [23]
(see Appendix A for an outline of the steps) and for the estimation of the weights pðyijy1:kÞ we present a
strategy that conforms to the aspirations of the particle filter strategy. The contribution of the present work
essentially consists of imbedding the procedure for the determination of x̂kðyiÞ and pðyijy1:kÞ into a recursive
format which leads to the solution of the problem of system parameter identification.

The problem on hand consists of determining the posteriori pdf pðx0:kjy1:kÞ, its associated marginal
pðxkjy1:kÞ and (or) expectations of the form

I ½x0:k� ¼ Ep x0:kjy1:k

� �
¼

Z
x

x0:kpðx0:kjy1:kÞdx0:k. (19)

Recognizing the presence of the unknown vector y in Eq. (14), we re-write the above equation as

I ½x0:k� ¼

Z
x

x0:k

Z
y

pðx0:k; yjy1:kÞdydx0:k

¼

Z
x

x0:k

Z
y

pðx0:kjy; y1:kÞpðyjy1:kÞdydx0:k

¼

Z
y

pðyjy1:kÞ

Z
x

x0:kpðx0:kjy; y1:kÞ dx0:k dy

¼

Z
y

Î ½x0:kðyÞ�pðyjy1:kÞdy. ð20Þ

Now, if we postulate that the parameter y to be a vector of discrete random variables with L number of
states, then Eq. (20) can be re-written as

I ½x0:k� ¼
XL

i¼1

Î ½x0:kðyiÞ�pðyijy1:kÞ. (21)

Here, pðyijy1:kÞ is the probability mass function given by pðyijy1:kÞ ¼ p½y ¼ yijy1:k�. The problem on hand
consists of determining the weights p(yi|y1:k) and the estimate Î ½x0:kðyiÞ�. We begin by noting the identities

pðyjy1:kÞ ¼
pðy; y1:kÞ

pðy1:kÞ
¼

R
pðy; y1:k;x0:kÞdx0:kR
pðy1:k; x0:kÞdx0:k

¼

R
pðy1:k;x0:kjyÞpðyÞdx0:kR

y

R
x0:k

pðy1:k;x0:kjyÞpðyÞdx0:k dy

¼

R
pðy1:kjx0:k; yÞpðx0:kjyÞpðyÞdx0:kR

y

R
x0:k

pðy1:kjx0:k; yÞpðyÞpðx0:kjyÞdx0:k dy
. ð22Þ

We note from Eq. (14) that

pðy1:kjx0:k; yÞ ¼
Yk

j¼1

pðyjjxj ; yÞ,

pðx0:kjyÞ ¼ pðx0Þ
Yk

j¼1

pðxjjxj�1; yÞ. ð23Þ
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Substituting this in Eq. (22) we obtain

pðyjy1:kÞ ¼

R
x0:k

pðx0Þ P
k

i¼1
pðyijxi; yÞpðxijxi�1; yÞpðyÞdx0:k

R
y

R
x0:k

pðx0Þ P
k

i¼1
pðyijxi; yÞpðxijxi�1; yÞpðyÞdx0:k dy

;

pðyjy1:kÞ ¼

R
x0:k�1

pðx0Þ P
k�1

i¼1
pðyijxi; yÞpðxijxi�1; yÞdx0:k�1

� � R
xk

pðykjxk; yÞpðxkjxk�1; yÞdxk

h i
pðyÞ

R
y pðyÞ

R
x0:k�1

pðx0Þ P
k�1

i¼1
pðyijxi; yÞpðxijxi�1; yÞdx0:k�1

� � R
xk

pðykjxk; yÞpðxkjxk�1; yÞdxk

h i
dy
:

(24)

Now, as before, if we postulate that the parameter y to be a vector of discrete random variables with L

number of states, then Eq. (24) can be re-written as

pðyjjy1:kÞ ¼

R
x0:k�1

pðx0Þ P
k�1

i¼1
pðyijxi; yjÞpðxijxi�1; yjÞdx0:k�1

� � R
xk

pðykjxk; yjÞpðxkjxk�1; yjÞdxk

h i
pðyjÞ

PL
m¼1

R
y pðyÞ

R
x0:k�1

pðx0Þ P
k�1

i¼1
pðyijxi; yÞpðxijxi�1; yÞdx0:k�1

� � R
xk

pðykjxk; yÞpðxkjxk�1; yÞdxk

h i
dðy� ymÞdy

j ¼ 1; 2; . . . ;L. ð25Þ

This equation can be recast in a recursive format as follows:

pðyjjy1:kÞ ¼

R
xk

pðykjxk; yjÞpðxkjxk�1; yjÞdxk

h i
pðyjÞPL

m¼1

R
xk

pðykjxk; ymÞpðxkjxk�1; ymÞdxk

h i
pðymÞ

pðyjjy1:k�1Þ. (26)

The multidimensional integrals appearing in the above equation are not amenable for evaluation in closed
form and we propose to estimate their values using Monte Carlo simulation. Accordingly we draw N samples
from the pdf pðxkjxk�1; yjÞ and obtain

pðyjjy1:kÞ ¼

PN
n¼1pðykjxn;k; yjÞpðyjÞPL

m¼1

PN
n¼1pðykjxn;k; ymÞpðymÞ

h i pðyjjy1:k�1Þ. (27)

Here it must be noted that the samples from pðxkjxk�1; yjÞ are obtained by using the process equation (14a).
Also, as has been already noted, pðykjxk; yjÞ is determinable from the measurement equation (14b).

4.1.1. Remarks
1.
 As the measurement is assimilated into the filtering process, the weight factor corresponding to the true
value of system parameter y approaches the value of unity with other weights going to zero.
2.
 The range of initial pdf p(y) is expected to include the true value of y. This can only be ensured based on
engineering judgment.
3.
 In an online application, the number of discrete states for y, namely, L, must be such that satisfactory
resolution on the value of y is achieved. On the other hand, if the identification process is to be implemented
off-line, one could begin with coarser division of range of y and run the bank of filters to identify the
interval over which true y is likely to lie. This interval alone can be refined in a further implementation of
next cycle of bank of filters. This procedure permits determination of y to a desired level of accuracy and we
have adopted this strategy in the present paper.
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5. Numerical illustrations
In the illustrative examples considered in this section the measurements are synthetically simulated and
seeded by random numbers to simulate the effect of measurement noise. Figs. 2–5 show the different examples
considered in this study.

5.1. Example 1: Linear single degree of freedom oscillator

We consider the single degree of freedom (sdof) system driven by support displacement xs(t) as shown in
Fig. 2. The governing equation of motion for this system in terms of the relative displacement, x1(t), and
m

ko

c
xs(t)

x(t) =  z(t) - xs(t)

z(t)

Fig. 2. sdof Spring mass damper system.

z(t)

c

m

ko,α

Pcosλt

Fig. 3. sdof Duffing’s oscillator.

xs(t)

ko c

z(t)

m

ks

Cable

Fig. 4. Nonlinear sdof system with bilinear stiffness characteristics.



ARTICLE IN PRESS

Cable

Kr

ks3ks1 ks2

xs(t)

m1 m2 m3

L

ξ1

ξ2

ξ3

Fig. 5. Euler–Bernoulli beam suspended on three cables that offer resistance only to tensile forces.
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relative velocity, x2(t), is given by

dx1 ¼ x2 dt,

dx2 ¼ �
c

m
x2 �

ko

m
x1 � €xsðtÞ

� �
dtþ sdBðtÞ,

x1ð0Þ ¼ 0; x2ð0Þ ¼ 0. ð28Þ

For the purpose of illustration we take the support displacement to be a sample of a stationary random
process generated using the Fourier representation

xsðtÞ ¼
Xn

j¼1

sj½Vj cos oj tþW j sin oj t�. (29)

Here, fVjg
n
j¼1 and fW jg

n
j¼1 are taken to be identical, independently distributed Gaussain random variables

with zero mean unit standard deviations. It is also assumed that Vj and Wk are independent for all j and k. The
constants fsjg

n
j¼1 and oj ¼ jo0 are taken to be specified and deterministic. The expression for support velocity

and acceleration are obtained as

_xsðtÞ ¼
Xn

j¼1

sjoj½�V j sin oj tþW j cos oj t�,

€xsðtÞ ¼
Xn

j¼1

�sjo2
j ½Vj cos oj tþW j sin oj t�. ð30Þ

It is to be emphasized that in our study we use only a single realization of xs(t) although it is drawn as a
sample of a stationary Gaussian random process. A discretized version of Eq. (28) is obtained using
Ito–Taylor expansion and is given by

x1ðkþ1Þ ¼ x1k þ x2khþ �
ko

m
x1k �

c

m
x2k

� 	
h2

2
� €xsk

h2

2
þ

s
m

I10,

x2ðkþ1Þ ¼ x2k þ �
ko

m
x1k �

c

m
x2k

� 	
h�

ko

m
x2k

h2

2
þ

cko

m2
x1k

h2

2
þ

c2

m2
x2k

h2

2

þ
c

m
€xsk

h2

2
�

c

m2
sI10 þ

s
m

I1 � nsk, ð31Þ
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with vsk ¼ _xsðkþ1Þ � _xsk. The quantities I1 and I10 are the multiple stochastic integrals which constitute a pair of
Gaussian random variables such that

I1

I10

( )
� N 02�1;

h
h2

2

h2

2

h3

3

2
6664

3
7775

2
6664

3
7775. (32)

It is assumed that the measurements on the total displacement and velocity of the system are obtained and
the measurement equations are written as

y1k ¼ x1k þ xsk þ sm1n1k,

y2k ¼ x2k þ _xsk þ sm2n2k. ð33Þ

In the numerical work we generate the synthetic measurement by assuming m ¼ 1.0 kg, coefficient of viscous
damping Z ¼ 0.04, undamped natural frequency o ¼ 4p rad/s, step size h ¼ (2p/80o) s, s ¼ 0.0072N,
sm1 ¼ 1.1434� 10�4m and sm2 ¼ 1.5� 10�3m/s, o0 ¼ 2p rad/s, n ¼ 5, and amplitude of support displace-
ment is 0.001m. The noise present in the measurement of displacement and velocity here are taken to be about
5% of the maximum value of the respective system states in the absence of noise.

We first consider the problem of state estimation from noisy measurements. It may be noted that this
problem is amenable for an exact solution using the Kalman filter and also could be solved using the SIS
particle filter. The two solutions are expected to show good mutual agreement. Indeed this is observed in Fig. 6
in which the Kalman filter estimate on the expected states is observed to compare well with similar results from
a SIS filter with 500 particles. It was also verified in the numerical work that the variance of the estimate using
particle filter approached the exact Kalman filter values as number of particles used in the simulation
increased. This preliminary verification ensures that the codes developed for implementing the SIS filter are
performing correctly.

The problem of determining the system stiffness ko is considered next. Measurement data on displacement
and velocity are generated with a reference value of ko ¼ 157.91N/m. These data are seeded with measurement
noise of standard deviations sm1 ¼ 1.1434� 10�4m and sm2 ¼ 1.5� 10�3m/s. The evolution of weights on the
stiffness parameter is shown in Fig. 7(a)–(e) for five cycles of iteration. In the first cycle of iteration ko is
postulated to be a random variable with four discrete states ko ¼ 100, 150, 200, and 250N/m with equal
probability. The evolution of weights under this hypothesis is shown in Fig. 7a. As may be observed, the
weights corresponding to ko ¼ 150N/m possess the highest weight that tends to unity with all others weights
going to zero. Based on this, in the subsequent cycle of filtering, the range of ko is reduced and is now
postulated to be a random variable with states ko ¼ 125, 150, 175 and 200N/m. Fig. 7(b) shows the growth of
weight corresponding to the state ko ¼ 150N/m to a value of unity. In the subsequent cycles, the range of ko is
further reduced and, at the end of fifth cycle, ko ¼ 157.5N/m is observed to possesses the highest weight.
Figs. 8(a) and (b) show, respectively, the evolution of expected value of ko and the variance during the fifth
cycle of filtering. As may be observed, the algorithm estimates ko ¼ 156.80N/m, which compares well with the
reference value of 157.91N/m. Fig. 9 shows the estimates of the displacement and velocity states at the end of
the fifth cycle of iteration. The estimated values are observed to be close to the measured values.
5.2. Example 2: Nonlinear sdof Duffing’s oscillator

Fig. 3 shows the system under consideration. The governing process equations are written in the standard
form as

dx1 ¼ x2 dt,

dx2 ¼ �
c

m
x2 �

ko

m
x1 �

a
m

x3
1 þ

P

m
cos lt

� 	
dtþ sdBðtÞ,

x1ð0Þ ¼ 0; x2ð0Þ ¼ 0. ð34Þ
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The discretized set of equations are obtained as

x1ðkþ1Þ ¼ x1k þ x2kh� x1kko þ x3
1kaþ cx2k � P cos ltk


 � h2

2m
þ

s
m

I10

x2ðkþ1Þ ¼ x2k � x1kko þ x3
1kaþ cx2k


 � h

m
� x2kkomþ 3x2kx2

1k � ckox1k � cax3
1k � c2x2k þ cP cos ltk


 �
�

h2

2m2
þ

P

l
sin ltkþ1 � sin ltk½ � �

c

m2
sI10 þ

s
m

I1. ð35Þ

Fig. 6. Example 1: Estimation of states of sdof system using Kalman filter and Particle filter.
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Fig. 7. Example 1: Estimation of system stiffness parameter ko using bank of SIS filters: (a)–(e) evolution of weights on the stiffness

parameter for the first five cycles; the legends show the states of ko in N/m; the reference value of ko is 157.91N/m. (a) cycle 1, (b) cycle 2,

(c) cycle 3, (d) cycle 4, (e) cycle 5.
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Fig. 8. Example 1: Estimation of system stiffness parameter ko using bank of SIS filters; (a) expected value of ko; (b) variance of stiffness;

the reference value of ko is 157.91N/m.
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The quantities I1 and I10 are as defined in Eq. (32). The measurement is assumed to be made on the velocity
response and accordingly, we get

yk ¼ x2k þ smnk. (36)

Here the process equation is nonlinear and the problem is amenable for solution via the bank of SIS filter
approach. In the numerical work we take m ¼ 1.0 kg, Z ¼ 0.04, ko ¼ 16p2mN/m, o ¼ 4p rad/s, P ¼ 10.106N,
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Fig. 9. Example 1: Estimation of displacement and velocity states at the end of the fifth cycle of iteration using bank of SIS filters.
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s ¼ P/20, h ¼ (2p/80l) s, and l ¼ 0.8o rad/s. We consider the measurement noise having zero mean and
standard deviation, sm ¼ 0.0279m/s. Synthetic data is generated with an assumed reference value of
a ¼ 3.45� 105N/m3. The problem on hand consists of determining the nonlinearity parameter a. The results
using bank of SIS filter banks, with each bank consisting of 500 particles, are shown in Figs. 10–13. For the
system parameters chosen, it is clear from the phase-plane plot shown in Fig. 10 that the system behavior is
indeed influenced by the nonlinearity parameter a. It may be noted that this plot has been produced in the
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Fig. 10. Example 2: Phase-plane plot of the Duffing’s oscillator showing nonlinearity with the assumed value of a (a nonlinear stiffness

parameter).

V. Namdeo, C.S. Manohar / Journal of Sound and Vibration 306 (2007) 524–563 539
absence of noise terms. The evolution of weights associated with the states of a is shown in Fig. 11(a)–(g). As
the cycles of filtering proceeds the initial range of a from 2� 105–5� 105N/m3 narrows down to the range
3.250� 105–3.325� 105N/m3, which is near the reference value of a ¼ 3.45� 105N/m3. Fig. 12 shows the
evolution of expected value of a and the variance of a during the seventh cycle of filtering. These moments at
the end of 10 s are, respectively, 3.28� 105N/m3 and 0 (N/m3)2. The reason for variance being zero is that the
weights associated with one of the state a go to one, while all other weights go to zero. The estimate of the
expected velocity of the states of the system is shown in Fig. 13. The evolution of this estimate is observed to
closely follow the trajectory of the measured velocity.

5.3. Example 3: Nonlinear sdof system with bilinear stiffness characteristics

Fig. 4 shows a spring-dash pot supported mass element that is suspended from a cable. Since cable does not
carry compressive forces, the system possesses differing stiffnesses during upward and downward
displacements. The governing equation of motion for this system can be given by

dx1 ¼ x2 dt,

dx2 ¼ �
c

m
x2 �

ko

m
x1 �

ks

m
x1U ½x1 þ xs� �

f ðtÞ

m

� 	
dtþ sdBðtÞ,

x1ð0Þ ¼ 0; x2ð0Þ ¼ 0, ð37Þ

with f ðtÞ ¼ m €xsðtÞ þ ksxsU ½x1 þ xs�. Here U[ � ] is the Heaveside step function. The discretized set of equations
of motion are obtained as

x1ðkþ1Þ ¼ x1k þ x2khþ �
ko

m
x1k �

ks

m
x1kU ½x1k þ xsk� �

c

m
x2k � €xsk �

ks

m
xskU ½x1k þ xsk�

� 
h2

2
þ

s
m

I10,

x2ðkþ1Þ ¼ x2k þ x2kh�
ko

m
x1k �

ks

m
x1kU ½x1k þ xsk� þ

c

m
x2k þ vsk þ

ks

m
dskU ½x1k þ xsk�

� 
h

þ x2k �
ks

m
dðx1k þ xskÞx1k �

ko

m
�

ks

m
U ½x1k þ xsk� �

ks

m
xskdðx1k þ xskÞ

� 	
h2

2

� �
ko

m
x1k �

ks

m
x1kU ½x1k þ xsk� �

c

m
x2k � €xsk �

ks

m
xskU ½x1k þ xsk�

� 
1

mc

h2

2
�

c

m2
sI10 þ

s
m

I1, ð38Þ
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with

dsk ¼

Z tkþ1

tk

xsk dt ¼ ½xsðkþ1Þ þ xsk�
h

2
. (39)

In Eq. (38), d( � ) is the Dirac delta function and I1 and I10 are as defined in Eq. (48). The presence of Dirac
delta function on the right-hand side of above equation is indicative of the fact that the drift term in Eq. (37)
has a Heaveside step function which is non-differentiable at x1+xs ¼ 0. Even though the event x1+xs ¼ 0,
has a measure zero of occurrence, its occurrence is ideally required to be detected when the solutions are
sought in the strong form. The treatment of stochastic differential equations in which such events are to be
detected during the solution process is still an open area of research and we have not addressed this issue in
our work. Therefore, in the numerical work, we either altogether drop these terms or replace the Dirac delta
function by a Gaussian pdf with zero mean and arbitrarily small standard deviation. It was observed in the
numerical studies that the estimates of the states and the estimate of parameter were not notably influenced by
this choice.
Fig. 11. Example 2: Estimation of nonlinear stiffness parameter a using bank of SIS filters: (a)–(g) evolution of weights on a for the first

seven cycles. Legends show the states of a in N/m3. Reference value of a is 3.45� 105N/m3. (a) cycle 1, (b) cycle 2, (c) cycle 3, (d) cycle 4,

(e) cycle 5, (f) cycle 6, (g) cycle 7.
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Fig. 11. (Continued)
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The measurement here is made on the velocity response, and, accordingly the measurement equation reads

yk ¼ x2k þ smnk. (40)

Thus, in this example, the process equation is nonlinear, the measurement equation is linear in the state
variables, and the noise processes are additive. In the numerical work we take m ¼ 1.0 kg, Z ¼ 0.04,
ko ¼ 16p2mN/m, o ¼ 4p rad/s, s ¼ 0.0051N, h ¼ (2p/80o) s. We consider the measurement noise having zero
mean and standard deviation sm ¼ 0.0013m/s. The applied support displacement is taken to be the same as
considered in Example 1 (Eq. (29)). Initially the system is taken to be at rest. Synthetic data are generated with
a reference value of ks ¼ 245.0N/m. For implementing the bank of SIS filter approach for the identification of
parameter, we take N ¼ 500 samples. Figs. 14–16 shows the result on estimation on cable stiffness and system
velocity. From Figs. 14 and 15, it is evident that the algorithm is successfully predicting the cable stiffness.
Thus, we get the estimate for the expected value of cable stiffness to be about 244.0N/m which compares very
well with the reference value of ks ¼ 245.0N/m. Similarly, the estimated expected value of system velocity
shows good comparison with the measured velocity in Fig. 16.
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Fig. 12. Example 2: Estimation of nonlinearity parameter a using bank of SIS filters: (a) expected value of a, (b) variance of a; reference
value of a is 3.45� 105N/m3.
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5.4. Example 4: An Euler– Bernoulli beam suspended on cables

Here we consider an Euler–Bernoulli beam which is supported by a set of cables and which is subjected to
support excitations as shown in Fig. 5. Since the cables cannot carry compressive forces, the beam-cable
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Fig. 13. Example 2: Estimation of the velocity state of the system using bank of SIS filters.
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system would possess nonlinear stiffness characteristics. The motivation for selecting this example is that the
beam-cable system considered here can easily be studied experimentally. The governing equations of motion
can be formulated as

EIyivðx; tÞ þmb €yðx; tÞ þ c _yðx; tÞ þ
X3
i¼1

midðx� xiÞ €yðx; tÞ þ
X3
i¼1

ksiyðx; tÞdðx� xiÞU ½yðx; tÞ� ¼ 0

yð0; tÞ ¼ xsðtÞ; Kry
0ð0; tÞ � EIy00ð0; tÞ ¼ 0,

EIy00ðL; tÞ ¼ 0; EIy000ðL; tÞ ¼ 0,

yðx; 0Þ ¼ 0; _yðx; 0Þ ¼ 0. ð41Þ

A prime here denotes differentiation with respect to x and a dot, as before, the derivative with respect to
time t. Furthermore, EI, mb, and c, are, respectively, the flexural rigidity, beam mass per unit length and
coefficient of viscously damping; Kr is the stiffness of rotary spring at x ¼ 0 that represents the possible lack of
adequate fixity at the support; fmig

3
i¼1 are the concentrated masses that represent the fixtures at the cable

attachment points, and fksig
3
i¼1 represent the cable stiffness in tension. The above equation is nonlinear in

nature and the system receives external excitations through the boundary condition at x ¼ 0. This would mean
that the equation has time-dependent boundary conditions. We introduce a new dependent variable y(x,
t) ¼ z(x, t)+xs(t) so that the governing equation can be re-written as

EIzivðx; tÞ þmb €zðx; tÞ þ c_zðx; tÞ þ
X3
i¼1

midðx� xiÞ€zðx; tÞ

þ
X3
i¼1

ksizðx; tÞdðx� xiÞU ½zðx; tÞ þ xsðtÞ� ¼ �mb €xs � c _xs �
X3
i¼1

midðx� xiÞ €xsðx; tÞ

þ
X3
i¼1

ksixsðtÞ dðx� xiÞU ½zðx; tÞ þ xsðtÞ�,
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zð0; tÞ ¼ 0; Krz
0ð0; tÞ � EIz00ð0; tÞ ¼ 0,

EIz00ðl; tÞ ¼ 0; EIz000ðl; tÞ ¼ 0,

zðx; 0Þ ¼ �xsð0Þ; _zðx; 0Þ ¼ � _xsð0Þ. ð42Þ

It may be noted that the transformation of the dependent variable as above has ensured that the boundary
conditions in the transformed equations of motion are independent of time and the effect of support motions
appear on the right-hand side of the governing equation. We solve the above equation approximately using the
method of weighted residuals by taking the solution to be of the form

zðx; tÞ ¼
X1
n¼1

anðtÞfnðxÞ. (43)
Fig. 14. Example 3: Estimation of cable stiffness parameter ks of the nonlinear sdof system with bilinear stiffness characteristics using

bank of SIS filters: (a)–(g) evolution of weights on ks for the first seven cycles. Legends show the states of ks in N/m. Reference value of ks

is 245N/m. (a) cycle 1, (b) cycle 2, (c) cycle 3, (d) cycle 4, (e) cycle 5, (f) cycle 6, (g) cycle 7.



ARTICLE IN PRESS

Fig. 14. (Continued)
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Here a
n
(t) is the unknown nth generalized coordinate and f

n
(x) is the nth known trial function. The trial

functions are determined by solving the linear free vibration problem

EIzivðx; tÞ þmb €zðx; tÞ þ
X3
i¼1

midðx� xiÞ€zðx; tÞ ¼ 0 (44)

using the Rayleigh–Ritz method. The trial functions ffnðxÞg
1
n¼1 are selected to satisfy the following

orthogonality conditions:

Z l

0

mb þ
X3
i¼1

midðx� xiÞ

" #
fnðxÞfkðxÞdx ¼ dnk and EIfiv

n ðxÞ ¼ o2
n mb þ

X3
i¼1

midðx� xiÞ

" #
fnðxÞ. (45)
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Fig. 15. Example 3: Estimation of cable stiffness parameter ks of the nonlinear sdof system with bilinear stiffness characteristics using

bank of SIS filters: (a) expected value of ks, (b) variance of ks. Reference value of ks is 245N/m.
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Based on the method of weighted residuals, with fn(x) as the weight function, we get the equations for the
generalized coordinate as

€ak þ 2Zkok _ak þ o2
kak þ

X1
n¼1

X3
i¼1

ksianðtÞfnðxiÞfkðxiÞU
X1
r¼1

arðtÞfrðxiÞ þ xsðtÞ

" #
¼ f kðtÞ,
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Fig. 16. Example 3: Estimation of the velocity state of the nonlinear sdof system with bilinear stiffness characteristics using bank of SIS

filters.
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f kðtÞ ¼ � €xs
0

mbfkðxÞdx� _xs
0

cfkðxÞdx�
i¼1

mid x� xið Þ €xsðtÞ

�
X3
i¼1

ksixsðtÞU
X1
n¼1

anðtÞfnðxiÞ þ xsðtÞ

" #
fkðxiÞ; k ¼ 1; 2; . . .1. ð46Þ

For the purpose of illustration we truncate the infinite summation on the right-hand side of the above
equation at the third term. By using the notation

fa1 a2 a3 _a1 _a2 _a3g
t ¼ ~x ¼ fx1 x2 x3 x4 x5 x6g

t (47)

the governing equations for the generalized coordinates can be shown to be given by

_xk

_xkþN

( )
¼

03�3 I3�3

� ~Kð ~xÞ � ~C

" #
xk

xkþN

( )
dtþ

03�1

I3�1

" #
f kð ~x; tÞ
� �

dtþ
03�3

s3�3

" #
fdBkðtÞg; k ¼ 1; 2; 3

~Klk ¼ o2
kdlk þ

X3
i¼1

ksiU
XN

n¼1

anðtÞfnðxiÞ þ xsðtÞ

" #
½fkðxiÞflðxiÞ�; l; k ¼ 1; 2; 3,

~Cnk ¼ 2Znondnk,

s ¼

s1 0 0

0 s2 0

0 0 s3

2
664

3
775. ð48Þ

Here we have now added, to the right-hand side, the random noise terms fdBkðtÞg which denote the process
noise. It is assumed that the components of this vector random process are independent. The above equation
can be discretized using the Ito–Taylor expansion as has been done in the previous example. For the purpose
of illustration, we provide below the set of equations for the case of beam with only one cable
support (ks1 ¼ ks3 ¼ 0, ks2 6¼0):

x1ðkþ1Þ ¼ x1k þ x4khþ �o2
1 � ksU ½Y k�w11


 �
x1k � ksU ½Y k�w12x2k

�
� ksU ½Y k�w13x3k � 2Zo1x4k

þ €xskb1 � ksU ½Y k�xskf1ðx2Þ
�
ðh2=2Þ þ s1I10,
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Fig. 17. Example 4.1: Estimation of rotary stiffness Kr and elastic modulus E of the beam using bank of SIS filters: (a)–(d) evolution of

weights on (Kr, E) for the first four cycles. The legends show the states of Kr in Nm/rad and E in N/m2. The reference values of Kr is

74.0025 Nm/rad and E is 6.90� 1010N/m2. (a) Cycle 1—E1 ¼ 4.0� 1010N/m2; E2 ¼ 8.0� 1010N/m2; E3 ¼ 12.0� 1010N/m2;

E4 ¼ 16.0� 1010N/m2; Kr1 ¼ 50Nm/rad; Kr2 ¼ 100Nm/rad; Kr3 ¼ 150Nm/rad; Kr4 ¼ 200Nm/rad. The weight for (Kr1, E2) is the

highest. Number of samples used ¼ 300. (b) Cycle 2—E1 ¼ 5.5� 1010N/m2; E2 ¼ 7� 1010N/m2; E3 ¼ 8.5� 1010N/m2;

E4 ¼ 10.0� 1010N/m2; Kr1 ¼ 40Nm/rad; Kr2 ¼ 60Nm/rad; Kr3 ¼ 80Nm/rad; Kr4 ¼ 100 Nm/rad. The weight for (Kr2, E2) is the highest.

Number of samples used 500. (c) Cycle 3—E1 ¼ 6.0� 1010N/m2; E2 ¼ 7.0� 1010N/m2; E3 ¼ 8.0� 1010N/m2; E4 ¼ 9.0� 1010N/m2;

Kr1 ¼ 50Nm/rad; Kr2 ¼ 60Nm/rad; Kr3 ¼ 70Nm/rad; Kr4 ¼ 80Nm/rad. The weight for (Kr4, E2) is the highest. Number of samples

used ¼ 600. (d) Cycle 4—E1 ¼ 6.5� 1010N/m2; E2 ¼ 7.0� 1010N/m2; E3 ¼ 7.5� 1010N/m2; E4 ¼ 8.0� 1010N/m2; Kr1 ¼ 70Nm/rad;

Kr2 ¼ 75Nm/rad; Kr3 ¼ 80Nm/rad; Kr4 ¼ 85Nm/rad. The weight (Kr1, E2) is the highest. The number of samples used ¼ 700.
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x2ðkþ1Þ ¼ x2k þ x5khþ �ksU ½Y k�
�

w21x1k þ �o2
2 � ksU ½Y k�w22


 �
x2k � ksU ½Y j�w23x3k � 2Zo2x5k

þ €xskb2 � ksU ½Y k�xskf2ðx2Þ
�
ðh2=2Þ þ s2I20,

x3ðkþ1Þ ¼ x3k þ x6khþ �ksU ½Y k�
�

w31x1k � ksU ½Y k�w32x2k þ �o2
3 � ksU ½Y k�w33


 �
x3k

� 2Zo3x6k þ €xskb3 � ksU ½Y k�xskf3ðx2Þ
�
ðh2=2Þ þ s3I30,
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x4ðkþ1Þ ¼ x4k þ �x1ko2
1h� x1kksU ½Y k�

�
w11h� ksU ½Y k�w12x2kh� ksU ½Y k�w13x3kh� 2Zo1x4kh

þ b1vsk � ksU ½Y k�f1ðx2Þdskg þ x4k �ksd½Y k�ð
�

f1ðx2Þw11x1k � o2
1 � ksU ½Y k�x11

� ksd½Y k�f1ðx2Þx12x2k � ksd½Y k�f1ðx2Þx13x3k � ksd½Y k�f1ðx2Þ
2xskÞ

þ x5k �ksd½Y k�f2ðx2Þ



w11x1k � ksd½Y k�f2ðx2Þw12x2k � ksU ½Y k�w12 � ksd½Y k�f2ðx2Þw13x3k

� ksd½Y k�f2ðx2Þf1ðx2ÞxskÞ þ x6k �ksd½Y k�f3ðx2Þw11x1k



� ksd½Y k�f3ðx2Þw12x2k

� ksd½Y k�f3ðx2Þw13x3k � ksU ½Y k�w13 � ksd½Y k�f3ðx2Þf1ðx2ÞxskÞ � 2 �o2
1�




ksU ½Y k�w11

�
x1k

� ksU ½Y k�w12x2k � ksU ½Y k�w13x3k � 2Zo1x4k þ €xskb1 � ksU ½Y k�xskf1ðx2Þ
�
Zo1

�
ðh2=2Þ

� 2Zo1s1I10 þ I1,

x5ðkþ1Þ ¼ x5k � ksU ½Y k�w21x1khþ x2ko2
2hþ x2kksU ½Y k�w22hþ

�
ksU ½Y k�w23x3khþ 2Zo2x5kh� b2vsk

þksU ½Y k�f2ðx2Þdsk

�
þ x4k �ksd½Y k�ð
�

f1ðx2Þw21x1k � ksU ½Y k�w21 � ksd½Y k�f1ðx2Þw22x2k

� ksd½Y k�f1ðx2Þw23x3k � ksd½Y k�f1ðx2Þxskf2ðx2Þ
�
þ x5k �ksd½Y k�ð f2ðx2Þw21x1k

� ksd½Y k�f2ðx2Þw22x2k � o2
2 � ksU ½Y k�w22 � ksd½Y k�f2ðx2Þw23x3k � ksd½Y k�f2ðx2Þ

2xskÞ

þ x6k �ksd½Y k�f3ðx2Þw21x1k � ksd½Y k�f3ðx2Þw22x2k � ksd½Y k�f3ðx2Þw23x3k�



ksU ½Y k�w23
� ksd½Y k�xskf2ðx2Þf3ðx2Þ

�
� 2 �ksU ½Y k�w21x1k þ �o2

2 � ksU ½Y k�w22
�


x2k � ksU ½Y k�w23x3k

� 2Zo2x5k þ €xsko2 � ksU ½Y k�xskf2ðx2Þ
�
Zo2gðh

2=2Þ � 2Zo2s2I20 þ s2I2,

x6ðkþ1Þ ¼ x6k � ksU ½Y k�w31x1khþ ksU ½Y k�w32x2khþ x3ko2
3h

�
þ x3kksU ½Y k�w33hþ 2Zo3x6kh

�b3vsk þ ksU ½Y k�f3ðx2Þdsk

�
þ x4k �ksd½Y k�ð
�

f1ðx2Þw31x1k � ksU ½Y k�w31
� ksd½Y k�f1ðx2Þw32x2k � ksd½Y k�f1ðx2Þw33x3k � ksd½Y k�f1ðx2Þxskf3ðx2Þ

�
þ x5k �ksd½Y k�ð f2ðx2Þw31x1k � ksd½Y k�f2ðx2Þw32x2k � ksU ½Y k�w32 � ksd½Y k�f2ðx2Þw33x3k

� ksd½Y k�f2ðx2Þxskf3ðx2Þ
�

þ x6k �ksd½Y k�f3ðx2Þw31x1k � ksd½Y k�f3ðx2Þw32x2k � ksd½Y k�f3ðx2Þw33x3k � o2
3�



ksU ½Y k�w33

� ksd½Y k�xskf3ðx2Þ
2
�
� 2 �ksU ½Y k�w31x1k � ksU ½Y k�w32x2k þ �o2

3 � ksU ½Y k�w33
�


x3k

�2Zo3x6k þ €xskb3 � ksU ½Y k�xskf3ðx2ÞZo3

�
ðh2=2Þ � 2Zo3s3I30 þ s3I3, ð49Þ

with

mðxÞ ¼ mb þ
P3
i¼1

midðx� xiÞ;

b1 ¼
R L

0 mðxÞf1ðxÞdx; b2 ¼
R L

0 mðxÞf2ðxÞdx; b3 ¼
R L

0 mðxÞf3ðxÞdx;

w ¼

f2
1ðx2Þ f2ðx2Þf1ðx2Þ f3ðx2Þf1ðx2Þ

f1ðx2Þf2ðx2Þ f2
2ðx2Þ f3ðx2Þf2ðx2Þ

f1ðx2Þf3ðx2Þ f3ðx2Þf2ðx2Þ f2
3ðx2Þ

2
664

3
775,

w11 ¼ wð1; 1Þ; w12 ¼ wð1; 2Þ; w13 ¼ wð1; 3Þ; w21 ¼ wð2; 1Þ; w22 ¼ wð2; 2Þ,

w23 ¼ wð2; 3Þ; w31 ¼ wð3; 1Þ; w32 ¼ wð3; 2Þ; w33 ¼ wð3; 3Þ,

Y j ¼ x1jf1ðx2Þ þ x2jf2ðx2Þ þ x3jf3ðx2Þ þ x3j


 �
. ð50Þ
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In this example also the drift terms contains Heaveside’s step function which is not differentiable when the
argument of this function goes to zero. Consequently, in discretized equations (49) we have formally
introduced the Dirac delta functions to indicate this fact. In the treatment of these terms in the numerical
work, we follow the procedure that has already been described while discussing the previous example. The
data in the numerical work are: E ¼ 6.90� 1010N/m2, I ¼ 5.759� 10�11m4, mb ¼ 0.16246 kg/m, L ¼ 0.537m,
m1 ¼ 19.835� 10�3 kg, m2 ¼ 19.825� 10�3 kg, m3 ¼ 15.32� 10�3 kg, x1 ¼ 0.175m, x2 ¼ 0.352m,
x3 ¼ 0.527m, Zi ¼ 0.02 for i ¼ 1, 2, 3, Kr ¼ 74.0025Nm/rad, and ks ¼ 3.50� 104N/m. We consider the
support displacement as given by Eq. (29) and for numerical work we take o0 ¼ 32 rad/s, n ¼ 10, and
amplitude of support displacement is taken as 0.001m. Within the framework of this problem we configure
different examples. In all the examples, the measurements are synthetically generated.

5.5. Example 4.1: Beam without any cables

Here we take ksi ¼ 0 for i ¼ 1, 2, 3, i.e., the beam now behaves as a linear system. The process equation (49)
gets accordingly simplified considerably. The parameters to be identified are taken to be the beam elastic
modulus E and the rotary stiffness Kr. The measurements are taken to be made on acceleration at two points
on the beam and, accordingly, the measurement equation is obtained as

y1k

y2k

( )
¼

f1ðx2Þ f2ðx2Þ f3ðx2Þ

f1ðx3Þ f2ðx3Þ f3ðx3Þ

" #
� ~K � ~C
� �

x1k

x2k

x3k

x4k

x5k

x6k

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
þ

€xsk

€xsk

( )
þ

sm1n1k

sm2n2k

( )
. (51)

It is to be noted that, in this example, we are illustrating how the SIS bank of filters approach could be used
to identify more than one system parameters. In the numerical work, the measurements are generated with
reference values of E ¼ 6.90� 1010N/m2 and Kr ¼ 74.0025Nm/rad. This data is contaminated with
measurement noise having zero mean and standard deviations sm1 ¼ 0.7508m/s2 and sm2 ¼ 0.7386m/s2.
The process noises considered here are additive in nature with standard deviations s1 ¼ s2 ¼ s3 ¼ 0.0404N.
The results on system parameters identified and the estimated states are shown in Figs. 17–19. The parameters
(Kr, E) are initially taken to lie, respectively, in the ranges 50–200Nm/rad and 4� 1010–16� 1010N/m2. This
pair of random variables are taken to have sixteen distinct states and initially these states is taken to have same
weights. At the end of fourth cycle of filtering with 700 particles, the range of parameters narrows down to
70–85Nm/rad and 6.5� 1010–8� 1010N/m2. The associated plots of expected values and variances of Kr and
E are shown in Fig. 18(a)–(d). It is observed that the filter estimates the expected value of 70.0Nm/rad for Kr

and 7.0� 1010N/m2 for E which compare favorably with respective reference values of these parameters. The
plots of estimated acceleration response at points of measurement are observed to compare well with the
corresponding measurements as shown in Figs. 19(a) and (b).

5.6. Example 4.2: Beam suspended on one cable

Here we assume that the beam is suspended on cable at x ¼ x2. The measurements are taken to be made on
displacement and velocity near the tip of the beam and accordingly the measurement equations are obtained as

y1k

y2k

( )
¼

f1ðx3Þ f2ðx3Þ f3ðx3Þ 0 0 0

0 0 0 f1ðx3Þ f2ðx3Þ f3ðx3Þ

" #
x1k

x2k

x3k

x4k

x5k

x6k

8>>>>>>>>><
>>>>>>>>>:

9>>>>>>>>>=
>>>>>>>>>;
þ

xsk

_xsk

( )
þ

sm1n1k

sm2n2k

( )
. (52)
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Fig. 18. Example 4.1: Estimation of rotary stiffness Kr and elastic modulus E of the beam using bank of SIS filters: (a) expected

value of Kr, (b) expected value of E, (c) variance of Kr and (d) variance of E. The reference values of Kr is 74.0025Nm/rad and E is

6.90� 1010N/m2.
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The parameter to be identified is taken to be the cable stiffness ks. In the numerical work, the measurements
are generated with a reference value of ks ¼ 3.5� 104N/m. These data are seeded with measurement noise
having zero means and standard deviations sm1 ¼ 3.909� 10�5m and sm2 ¼ 0.0015m/s. The process noises
considered here are additive in nature with standard deviations s1 ¼ s2 ¼ s3 ¼ 0.01N. The results on
estimation on cable stiffness and system states are shown in Figs. 20–22. From Figs. 20 and 21, it is evident
that the algorithm is successfully predicting the cable stiffness in five cycles of global iterations. The
stiffness parameter ks is initially taken to lie in the range 2� 104–5� 104N/m, which, at the end of fifth cycle
of filtering with 1000 particles, narrows down to the range 3.30� 104�3.60� 104N/m. Thus, we get the
estimate for the expected value of cable stiffness to be about 3.40� 104N/m which compares very well with
the reference value of ks ¼ 3.5� 104N/m. The plots of estimated displacement and velocity response at
point of measurements are again observed to compare well with the corresponding measurements in
Figs. 22(a) and (b).
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Fig. 19. Example 4.1: Estimation of the acceleration response of the beam at (a) x ¼ x2 and (b) x ¼ x3 using bank of SIS filters.
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6. Discussion and conclusions

The present study proposes a bank of particle filters approach to address problems of nonlinear
structural system identification. The basic methods of particle filtering for problems of dynamic
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Fig. 20. Example 4.2: Estimation of cable stiffness parameter ks of the beam suspended on cable at x ¼ x2 using bank of SIS filters: (a)–(e)

evolution of weights on ks for the first five cycles. The legends show the states of ks in N/m. Reference value of ks is 3.50� 104N/m. (a)

cycle 1, (b) cycle 2, (c) cycle 3, (d) cycle 4, (e) cycle 5.
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Fig. 21. Example 4.2: Estimation of cable stiffness parameter ks of the beam suspended on cable at x ¼ x2 using bank of SIS filters:

(a) expected value of ks, (b) variance of ks. Reference value of ks is 3.50� 104N/m.
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state estimation are readily available in the existing literature related to the areas of economics,
object tracking, digital communication channels and signal processing. Their application to problems of
structural engineering is presently an area that is being researched upon in the structural engineering
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Fig. 22. Example 4.2: Estimation of the displacement and velocity response of the beam suspended on cable at x ¼ x2 using bank of SIS

filters: (a) displacement response at x ¼ x3, (b) velocity response at x ¼ x3.

V. Namdeo, C.S. Manohar / Journal of Sound and Vibration 306 (2007) 524–563 555
community. The present work contributes to this effort. Some of the characteristic features of the method are
as follows:
�
 The study is formulated in the time-domain which is the most natural domain for treatment of nonlinear
dynamical systems; i.e., the procedures developed for solving the governing process equations retain the
pathwise fidelity of the response trajectories with respect to the system initial conditions.
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�

Fig

the
The approach is formulated within the framework of probabilistic modeling, and, consequently, the
presence of uncertainties due to measurement noise and the effects of unmodeled dynamics are taken into
account in a rational manner.

�
 The framework provides a systematic means to deal with the incompatibility in the sizes of analytical and

measurements models. Thus, no approximate model reduction/expansion schemes, such as those based on
condensation techniques, are employed here.

�
 An a priori model for the system states is formulated using the laws of mechanics of the system. The

information contained in the measurements is assimilated into the evolution of states within a Bayesian
framework. The present study is based on the assumption that the process noise and measurement noise are
additive Gaussian white noise sequences. Since the structural systems under study are taken to be
nonlinear, the process equation is nonlinear in the state variables. The present study is based on the
assumption that the measurement process is linear in the system states. The system parameters to be
identified are declared as a state of discrete random variables with finite number of states. For each possible
realization of these random variables, one particle filter is employed to estimate the states. Thus, we obtain
a bank of particle filters which, upon assimilating the information contained in the measurements, also
leads to weights associated with realization of system parameters to be identified. The present paper makes
contribution to the development of the algorithm to evaluate the evolution of these weights in a recursive
manner within the framework of Monte Carlo simulation-based filtering.
The method of adaptive filtering, in the present study, has been applied to situations in which system
parameters are identified in an offline manner. The proposed approach, which involves global iterations,
essentially helps in narrowing down the hypothesized range of states of the system parameters in successive
iterations. This also helps us to quickly check if the initial hypothesized range of the system parameters to be
identified indeed encloses the value of system parameters from which the measurement emanates. Thus, an
inappropriate choice for the range would be detected at the end of first cycle of iteration itself, thereby,
enabling the corrective step to be taken without expending any further computational effort. To illustrate this
point, we consider Example 2. Here measurement is obtained with a ¼ 3.45� 105N/m3. If initial
discretization of a into four states a ¼ 1.25� 105, 1.75� 105, 2.25� 105 and 2.75� 105N/m3 is made, the
resulting evolution of weights is as in Fig. 23. Since the initially assumed range of a does not include the
reference value of a, we observed that the weights associated with a ¼ 2.75� 105N/m3 (which lies closest to
the reference value of a) shows the highest weight. This provides the prompt that hypothesized range of a is
inappropriate.
. 23. Example 2: Estimation of nonlinear stiffness parameter a using bank of SIS filters: evolution of weights on a. The legends show
states of a in N/m3. Reference value of a is 3.45� 105N/m3.
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Fig. 24. Example 1: Estimation of system stiffness parameter ko using bank of filters approach (with sixteen filters running in parallel):

(a) evolution of weights on the stiffness parameter ko, the legends show the states of ko in N/m, (b) expected value of ko. Reference value of

ko is 157.91N/m.
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The global iteration strategy used in the present study is clearly not applicable if the parameters are to be
identified in an online manner. In such applications, it could be necessary to discretize the system parameter
range into a large number of states, so that a desired level of resolution in the parameter estimation is possible.
To illustrate this, we consider Example 1 with reference value of ko ¼ 157.91N/m. A bank of filters with
sixteen hypothesized states for ko given by 140, 142.5, 145, 147.5, 150, 152.5, 155, 157.5, 160, 162.5, 165, 167.5,



ARTICLE IN PRESS

Fig. 25. Example 1: Estimation of system stiffness parameter ko using bank of filters approach: (a) evolution of weights on the stiffness

parameter ko. Legends show the states of ko in N/m. (b) Expected value of ko. Reference value of ko is 157.91N/m.
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170, 172.5, 175, and 177.5N/m leads to the evolution of associated weights as shown in Fig. 24(a). The
corresponding plot of expected value of ko is shown in Fig. 24(b). An alternative strategy with four cycles of
iteration starting with four number of states for ko ¼ 155, 157.5, 160, and 162.5N/m was also implemented
and these results are shown in Fig. 25(a) and (b). As may be observed that the results shown in Figs. 24(b)
and 25(b) lead to final estimates of ko, and then compare well.
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Fig. 26. Example 1: Estimation of expected value of the parameter ko using bank of Kalman filters. The legends show the measurement

noise levels. Reference value of ko is 157.91N/m.

Fig. 27. Example 1: Estimation of expected value of the parameter ko using bank of SIS filters. The legends show the measurement noise

levels. Reference value of ko is 157.91N/m.
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During the implementation of the bank of particle filters approach, it was observed that the filters
performed relatively better for higher level of measurement noise. Conversely, the performance of bank of
Kalman filters was found to deteriorate with an increase in variance of the measurement noise. To illustrate
this, we applied these two approaches to the problem of estimation of stiffness of a linear single degree of
freedom system (data as per Example 1), and Figs. 26 and 27 show the results obtained. It is observed that the
results on the expected value of the system stiffness obtained using bank of Kalman filters (Fig. 26) compare
well with the reference value of ko ¼ 157.9137N/m when the measurement noise is relatively small, while a
converse situation is observed when the similar result is obtained using the bank of SIS filters.

As the numbers of system parameters to be identified becomes large, the bank of particle filters approach
becomes computationally intensive. This difficulty possibly could be overcome if strategies based on space
filling lattice hypercube sampling are combined with adaptive filtering strategies. In the present study, we have
illustrated the identification procedure by using synthetically generated measurement data. The performance
of proposed method clearly needs to be assessed when measurements are actually obtained from laboratory or
field measurements. An immediate problem that would arise in such a situation is associated with the
assessment of process noise that represents the effects of unmodeled dynamics. A way to overcome this
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difficulty would be to treat the process noise parameters also as parameters to be identified and carry out the
system parameters and noise parameters identification problems in a unified manner. Studies aimed at
addressing these issues are currently being conducted by the present authors.
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Appendix A. Estimation of Î ½x0:kðhiÞ� using the sequential importance sampling particle filter

The procedure we propose to use for estimating Î ½x0:kðyiÞ� is as outlined by Doucet [23]. For simplicity, we
omit to explicitly state the dependence of the estimate on y and write Î ½x0:k� in place of Î ½x0:kðyiÞ�. The basic
idea consists here in choosing an importance sampling pdf, denoted by pðx0:kjy1:kÞ, such that, if
pðx0:kjy1:kÞ40) pðx0:kjy1:kÞ40: In this case, the integral in Eq. (19) can be written as

I ½x0:k� ¼

Z
x0:k

pðx0:kjy1:kÞ

pðx0:kjy1:kÞ
pðx0:kjy1:kÞdx0:k

¼

Z
x0:kw�ðx0:kÞpðx0:kjy1:kÞdx0:k ¼ Ep x0:kw�ðx0:kÞjy1:k

� �
. ðA:1Þ

Here Ep[ � ] denotes expectation with respect to the pdf pðx0:kjy1:kÞ. If fxi;0:ng
N
i¼1 are samples drawn from

pðx0:kjy1:kÞ, and

ÎN ½x0:k� ¼
1

N

XN

i¼1

xi;0:kw�ðxi;0:kÞ with

w�ðxi;0:kÞ ¼
pðxi;0:kjy1:kÞ

pðxi;0:kjy1:kÞ
¼

pðy1:kjxi;0:kÞpðxi;0:kÞ

pðxi;0:kjy1:kÞpðy1:kÞ
¼

pðy1:kjxi;0:kÞpðxi;0:kÞ

pðxi;0:kjy1:kÞ
R

pðy1:kjx0:kÞpðx0:kÞdx0:k
ðA:2Þ

it can be shown that limN!1ÎN ½x0:k� ! I ½x0:k� almost surely [23]. It may be emphasized that the evaluation of
the normalization constant pðy1:kÞ ¼

R
pðy1:kjx0:kÞpðx0:kÞdx0:k in Eq. (A.2) presents a major difficulty in

implementing the above procedure since it is seldom possible to express this constant in a closed form.
However, if one evaluates this integral too via importance sampling, one gets,

ÎN ½x0:k� ¼
ð1=NÞ

PN
i¼1xi;0:k pðy1:kjxi;0:kÞpðxi;0:kÞ


 �
= pðxi;0:kjy1:kÞ

 �
 �

ð1=NÞ
PN

j¼1 pðy1:kjxj;0:kÞpðxj;0:kÞ

 �

= pðxj;0:kjy1:kÞ

 �
 � ¼

PN
i¼1xi;0:kwðxi;0:kÞPN

j¼1wðxj;0:kÞ
¼
XN

i¼1

xi;0:k ~wðxi;0:kÞ

(A.3)

with the new weights ~wðxi;0:kÞ given by

~wðxi;0:kÞ ¼
wðxi;0:kÞPN
j¼1wðxj;0:kÞ

with wðxi;0:kÞ ¼
pðy1:kjxi;0:kÞpðxi;0:kÞ

pðxi;0:kjy1:kÞ
. (A.4)

If one selects the importance sampling density function of the form

pðx0:kjy1:kÞ ¼ pðx0:k�1jy1:kÞpðxkjx0:k�1; y1:kÞ (A.5)

it would then be possible to compute the importance weights in a recursive manner. To see this, we note
that pðy1:kjx0:kÞ ¼ Pk

j¼1pðyjjxjÞ and pðx0:kÞ ¼ pðx0ÞPk
j¼1pðxjjxj�1Þ. Using these facts and Eq. (A.5) in Eq. (A.4),
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we get

wðx0:kÞ ¼

P
k

j¼1
pðyjjxjÞpðx0Þ P

k

j¼1
pðxjjxj�1Þ

pðx0:k�1jy1:kÞpðxkjx0:k�1; y1:kÞ

¼

P
k�1

j¼1
pðyjjxjÞpðx0Þ P

k�1

j¼1
pðxjjxj�1Þ

pðx0:k�1jy1:kÞ

pðykjxkÞpðxkjxk�1Þ

pðxkjx0:k�1; y1:kÞ

¼ wðx0:k�1Þ
pðykjxkÞpðxkjxk�1Þ

pðxkjx0:k�1; y1:kÞ
ðA:6Þ

One of the difficulties in implementing this algorithm in practice is that after a few time steps, most weights
become small in comparison to a few which become nearly equal to unity. This implies that most of the
computational effort gets wasted on trajectories which do not eventually contribute to the final estimate. This
problem is widely discussed in the existing literature and one way to remedy this problem is to introduce the
notion of an effective sample size [23] given by

Neff ¼
1PN

i¼1 ~wi;0:k

� �2 (A.7)

It may be noted that if all weights are equal, Neff ¼ N and if all weights excepting one are zero, Neff ¼ 1.
Thus, when the effective sample at any time step falls below a threshold Nthres, a step involving resampling is
implemented with a view to mitigate the effect of depletion of samples.

Furthermore, the choice of the importance sampling density function plays a crucial role in the success of
the algorithm. It has been shown [23] that pðxkjxi;0:k�1;y1:kÞ ¼ pðxkjxi;k�1; ykÞ is the importance function that
minimizes the variance of the non-normalized weights, w�i;k, conditioned upon xi,0:k�1 and y1:k. This can be
shown by noting that

Ep½wðx0:kÞjxi;0:k�1; y1:k� ¼

Z
pðykjxkÞpðxkjxi;k�1Þ

pðxkjxi;0:k�1; y1:kÞ
pðxkjxi;0:k�1; y1:kÞdxk

¼

Z
pðykjxkÞpðxkjxi;k�1Þdxk

¼ pðykjxi;k�1Þ. ðA:8Þ

Similarly, the conditional variance of the weights can be obtained by

Varp wðx0:kÞjxi;0:k; y1:k

� �
¼ Ep

pðykjxkÞpðxkjxi;k�1Þ

pðxkjxi;0:k�1; y1:kÞ
� pðykjxi;k�1Þ

� 2
" #

. (A.9)

It follows that this variance will be zero when

pðxkjxi;0:k�1; y1:kÞ ¼
pðykjxkÞpðxkjxi;k�1Þ

pðykjxi;k�1Þ
. (A.10)

By noting that pðykjxkÞ ¼ pðykjxk; xi;0:k�1Þ, one can write

pðxkjxi;0:k�1; y1:kÞ ¼
pðykjxk;xi;0:k�1Þpðxkjxi;k�1Þ

pðykjxi;k�1Þ
¼

pðxk; ykjxi;0:k�1Þpðxkjxi;k�1Þ

pðxkjxi;k�1Þpðykjxi;k�1Þ

¼ pðxkjyk;xi;k�1Þ. ðA:11Þ

In general, it is not feasible to deduce the ideal importance sampling density function pðxkjyk;xi;k�1Þ.
However, when the process and measurement equations assume to be of the form

xk ¼ f ðxk�1Þ þ nk; nk � N 0nn�1 Sn

h i
,

yk ¼ Cxk þ wk; wk � N 0nw�1 Sw

h i
. ðA:12Þ
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it can be shown that the ideal importance density function is a normal density function with mean mk and
covariance S given by

mk ¼ S S�1n f ðxk�1Þ þ CtS�1w yk


 �
,

S�1 ¼ S�1n þ CtS�1w C. ðA:13Þ

It may be noted that by x�N(a, B) we indicate that x is a vector of normal random variables with mean
vector a and covariance matrix B. Equations of the type (A.12) are very likely to be encountered in problems
of structural system identification and, therefore, the above result is of notable significance. When dealing with
more general forms of process and measurement equations, as in Eq. (14), suitable strategies need to be
evolved in choosing the importance function. In the present study however, we limit our attention to
application of this method to equations of the form (A.12).

Thus, in order to implement the filtering with SIS, the following steps are adopted:
1.
 Set k ¼ 0; draw samples fxi;0g
N
i¼1 from p(x0).
2.
 Set k ¼ k+1;

3.
 Sample fx̂i;kg

N
i¼1 from pðxkjxi;0:k�1; y1:kÞ and set x̂i;0:k ¼ fxi;0:k�1; x̂i;kg for iA[1, N].
4.
 For iA[1, N] compute the importance weights

w�i;k ¼ w�i;k�1
pðykjx̂i;kÞpðx̂i;kjx̂i;k�1Þ

pðx̂i;kjx̂i;0:k�1; y1:kÞ
5.
 For iA[1, N], normalize the weights

~wi;k ¼
w�i;kPN
j¼1w�j;k
6.
 Evaluate the expectations of interest, for instance,

akjk ¼
XN

i¼1

xi;k ~wi;k; Skjk ¼
XN

i¼1

ðxi;k � akjkÞðxi;k � akjkÞ
t ~wi;k
7.
 Evaluate the effective sample Neff using Eq. (A.7).

8.
 If Neff4Nthres, set xi;0:k ¼ x̂i;0:k; go to step 2 if kon, otherwise end.

9.
 If NeffpNthres, implement the following:
� For iA[1, N], sample an index j(i) distributed according to the discrete distribution with N elements

satisfying P½jðiÞ ¼ l� ¼ ~wl;k for l ¼ 1, 2.y,N.
� For iA[1, N], set xi;0:k ¼ ~xjðiÞ;0:k and wi;k ¼ ð1=NÞ.
� Go to step 2 if kon; otherwise, end.
In implementing this method it is assumed that it is possible to analytically deduce pðxkjxk�1Þ and pðykjxkÞ

using Eq. (A.12).
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